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Abstract. In this paper wc introduce and discuss the notion of a continuous 
bundle random dynamical system associated to an infinite countable discrete 
amenable group action. 

Given such a system, and a monotone sub-additive invariant family of ran- 
dom "continuous" functions, we introduce the concept of local fiber topological 
pressure and establish a variational principle for it, compared to measure- 
theoretic entropy. We also discuss it in some special cases. 

We apply these results to both topological and measure-theoretic entropy 
tuples, obtain a variational relationship and give applications to general topo- 
logical dynamical systems, recovering and extending many recent results in 
local entropy theory. 
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1. Introduction 

A Kolmogorov system or iC-systcni is an important notion in measure-theoretic 
ergodic theory which is in some senses at the opposite extreme from a system of 
zero entropy |62]- Blanchard (1992) set out to find analogues of this notion in 
topological dynamics, and introduced the notions of uniformly positive entropy 
(u.p.e.) and completely positive entropy (c.p.e.) for continuous Z-actions [3]. By 
localizing the concepts of u.p.e. and c.p.e., he defined the notion of entropy pairs, 
and showed that a u.p.e. system is disjoint from all minimal zero entropy systems 
[4]. He also obtained the maximal zero entropy factor for any continuous Z-action 
[7| . Subsequently, a considerable literature has grown up on the local entropy theory 
of Z-actions [3lli[5l|6l[7l[2ll^2a^^^c35,^|^|63l[n](andthe references 
in them) . For a nice survey of the area see (32] . 

Now, for each continuous Z-action (X, T) , there exists a T- invariant Borel prob- 
ability measure ^ on X such that the classical ergodic theory of /i is linked with 
the study of the entropy theory of (X, T). However, for a countable discrete group 
G, this is not necessarily the case: the free group on two generators, F2 has actions 
with no invariant measures. It is well known that if G is an amenable group there 
exist invariant Borel probability measures on X. The class of amenable groups 
includes all finite groups, solvable groups and compact groups. 

The development of the theory of actions of a general amenable group G lagged 
somewhat behind that of Z actions. However, a turning point was the pioneer- 
ing paper of Ornstein and Weiss [59j which laid the foundations of the theory of 
amenable group actions. Rudolph and Weiss [64| solved a longstanding problem, 
extending the theory of A'-actions to actions of a countable discrete amenable group 
and showing that they must be mixing of all orders. Using this result, Dooley and 
Golodets [18] proved that every free ergodic action of a countable discrete amenable 
group with completely positive entropy has countable Lebesgue spectrum. Another 
longstanding open problem is the generalization of pointwise convergence results 
for Z to general amenable group actions. In |50] Lindcnstrauss gave an answer to 
this, proving the pointwise ergodic theorem for general locally compact amenable 
group actions along F0lncr sequences (with some conditions), and extending the 
Shannon-McMillan-Brciman Theorem to all countable discrete amenable group ac- 
tions. 

Local entropy theory for infinite countable discrete amenable group actions has 
been systematically studied by Huang, Ye and Zhang [37] . Kerr and Li [iD] studied 
independence of such actions using combinatorial methods. Global entropy theory 
for amenable group actions has also been discussed in [56]. For related work, see 
[I3lll6l[ni|20l|25l|30l|4a|57l|58l|60l|6g (and the references therein) and 

Benjy Weiss' lovely survey article [70] . 

Our aim in this article is to extend the theory of local entropy to the setting 
of random dynamical systems. In this setting, rather than considering iterations 
of just one map, we study the successive application of different transformations 
chosen at random. The basic framework was established by Ulam and von Neumann 
[66j and later Kakutani [39j in proofs of the random ergodic theorem. During 
the 1980s, interest in the ergodic theory of random transformations grew, as the 
connection was made with stochastic fiows which arise as solutions of stochastic 
differential equations. This area was first studied in the framework of the relativized 
ergodic theory of Ledrappier and Walters [48] and later in the theory of random 
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transformations, see[ai8l[g[T0l[l5l|4ll|43l|44l|45l|46l|49l[5^ particular, 
it was shown in [8] that the Abramov-Rokhhn mixed entropy of the fiber of a skew- 
product transformation ([I]) is the cornerstone for the theory of entropy of random 
transformations. Moreover, [8j|44] introduced the concept of topological pressure in 
the framework of a continuous bundle random dynamical system, as a real-valued 
map on the space of random "continuous" functions and a variational principle was 
established connecting it with measure-theoretic entropy. See also |75| for some 
related topics. 

To date, most discussions of random dynamical systems concern R-actions, Z- 
actions or even Z+-actions. Furthermore, to the best of our knowledge, there is 
little discussion of the local theory. Broadly speaking, our aim in this paper is to 
make a systematic study of the local entropy theory of a continuous bundle random 
dynamical system over an infinite countable discrete amenable group. 

We shall extend the notion of a continuous bundle random dynamical system to 
the setting of an infinite countable discrete amenable group action and a monotone 
sub-additive invariant family of random "continuous" functions. We define the 
local fiber topological pressure for a finite measurable cover, and establish its basic 
properties. A key point in the local entropy theory of Z- actions (and its general case 
[37j ) is the local variational principle concerning topological and measure-theoretic 
entropy for finite open covers. In the case of a finite random "open" cover we 
establish a variational principle for local fiber topological pressure and measure- 
theoretic entropy. We discuss a special case, which shows that these assumptions 
are very natural. In particular, as corollaries of our local variational principle, we 
are able to obtain the main results in [SJ HH [53l [75] . We introduce and discuss 
both topological and measure-theoretical entropy tuples for a continuous bundle 
random dynamical system, and our local variational principle allows us to build a 
variational relationship between these two kinds of entropy tuples. Finally, we apply 
these results to the setting of a general topological dynamical system, extending 
many recent results in the local entropy theory of Z-actions (|32|) and of infinite 
countable discrete amenable group actions f |37j) to the setting of random dynamical 
systems, and obtaining some new results even in the deterministic setting. There 
remain some unsolved questions, which stand as challenges to the further study of 
the topic. 

Some ideas of the paper have been used in [19] to obtain sub-additive ergodic 
theorems for countable amenable groups. 

The paper consists of three parts and is organized as follows. 

The first part gives some preliminaries, on infinite countable discrete amenable 
groups following |591 1681 170] . on general measurable dynamical systems, and on 
continuous bundle random dynamical systems of an infinite countable discrete 
amenable group action extending the case for Z [44] [45] [53] . In addition to recall- 
ing known results, this part contains new results: convergence results for infinite 
countable discrete amenable groups fProDOsition l2 . 3l and ProDOsition l2.8i extending 
results from |56|). where the difference from the special case of Z is seen in Example 
12.91 the relative Pinsker formula for a measurable dynamical system of an infinite 
countable discrete amenable group action (Theorem l3.5l and Remark l3.6|l . discussed 
in |30| in the case where the state space is a Lebesgue space; further understanding 
the (local) entropy theory of general measurable dynamical systems (Theorem 13. 131 
and Question l3.14p . 
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In the second part we present and prove our main results. More precisely, given 
a continuous bundle random dynamical system of an infinite countable discrete 
amenable group action and a monotone sub-additive invariant family of random 
"continuous" functions, in ij5] following the ideas of j38l |63l [74] we introduce the 
local fiber topological pressure for a finite measurable cover, and discuss its basic 
properties; in ij6]we introduce the concept of factor excellent and good covers, which 
arc necessary assumptions underlying our main result. Theorem 17.11 We show in 
Theorem 16.91 and Theorem 16.101 that many interesting covers are included in this 
special class of finite measurable covers. In iJTl we state Theorem 17.11 and give 
some remarks and direct applications, obtaining as corollaries, the main results in 
HH [531 [75]. In 33 we present the details of the proof of Theorem \7A\ following 
the ideas from [35l [37] [55] [74] and in fj9]we discuss other assumptions appearing in 
Theorem O 

In ijlOl we strengthen Theorem 17.11 in the special case of the infinite countable 
discrete amenable group admitting a tiling F0lner sequence and obtain Theorem 
110.21 and Corollary 110.31 We also discuss abelian group actions, showing that the 
assumptions for Theorem 17.11 arc natural. Observe that for a continuous bundle 
random dynamical system over a Z-action. and a real- valued random "continuous" 
function, Kifer ([H]) introduced the global fiber topological pressure using sepa- 
rated subsets with a positive constant and showed that the resulting pressure is the 
same if we use separated subsets with a positive random variable from a natural 
class. In §111 we give a general version of Theorem 17.11 which may be viewed as a 
(local) counterpart of Kifer's result in our setting. 

The third and last part of the paper is devoted to some applications of the local 
variational principle. In ijl21 following the ideas of [U [U [351 [M] [31] [3^ (and the 
references therein), we introduce both topological and measure-theoretic entropy 
tuples for a continuous bundle random dynamical system in our setting, and build 
a variational relationship between them. Finally, in §131 wc apply these results to 
the setting of a general topological dynamical system, incorporating and extending 
many recent results in the theory of local entropy for Z-actions [1] [S] [35] [M] [3B] 
and for an infinite countable discrete amenable group action from [37], as well as 
establishing some new results. 
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Part 1. Preliminaries 

Denote by Z,Z+,N,M, M+ the set of all integers, non- negative integers, positive 
integers, real numbers, non-negative real numbers, respectively. 

2. Infinite countable discrete amenable groups 



In this section, we recall the principal results from |56 1 159 1 168 1 [70] and obtain new 
convergence results for an infinite countable discrete amenable groups (Proposition 
12.31 and Proposition 12. 8p . The difference of Proposition 12.31 and Proposition 12.81 is 
shown by Example l2.9l even in the setting of an infinite countable discrete amenable 
group admitting a tiling F0lner sequence. 

Let G be an infinite countable discrete group and denote by ec the identity of 
G. Denote by Fq the set of all non-empty finite subsets of G. 

G is called amenable, if for each K E Tq and any (5 > there exists F g Tg 
such that 

|FAA"F| < ,5|F|, 

where | • | is the counting measure of the set KF ~ {k f : k E K, f G F} and 
FAKF ^ {F\KF)U{KF\F). Let K E Fg and 5 > 0. Set K-^ = {fc^i : k G K}. 
A G Fg is called [K, S) -invariant, if 

\K-^Ar\K-\G\A)\ < 5\A\. 

A sequence {Fn : n G N} in Fg is called a F0lner sequence, if for any K G Fq and 
for any S > 0, Fn is (X, (5)-invariant whenever n G N is suffieiently large, i.e., for 
each g E G, 

(2.1) lim = 0. 

It is not hard to obtain from this the usual asymptotic invariance property: G is 
amenable if and only if G has a F0lner sequence {i^njnGN- 

For example, G = Z a F0lner sequence is defined by F„ — {0, 1, • • • ,n — 1}, or, 
indeed, {a„, a„ + 1, ■ ■ • , a„ -I- n — 1} for any sequence {a„}„gN ^ ^■ 

Throughout the current paper, we will assume that G is an infinite countable 
discrete amenable group. 

The following terminology and results are due to Ornstein and Weiss [SH] (see 
also [SI [HE]). 

Let Ai,--- ,Ak,AE Fg and e G (0, 1), a E (0, 1]. 
(1) Subsets Ai, ■ ■ ■ , Ak are e-disjoint if there are Bi, ■ ■ ■ , Bk E Fg such that 
\B\ 

Bi C Ai, j-^ > 1 - e and B^ HB^ ^9 whenever I <i ^ j < k. 
\Ai\ 



(2) {Ai, ■■■ ,Ak} a-covers A if 



\An{JA, 

1=1 



> a. 



(3) Ai, ■ ■ ■ , Ak e-quasi-tile A if there exist Ci, • • • ,Ck G Fg such that 

(a) for i = I,-- - ,k, AiC'i C A and {A^c : c G C;} forms an e-disjoint 
family, 

(b) A,Ci n AjCj = if 1 < i 7^ j < fc and 
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(c) {Aid : i = 1, • • • ,k} forms a (1 — e)-cover of A. 
The subsets Ci , • ■ • ,Ck are called the tiling centers. 
We have (see for example [37l Proposition 2.3], [59| or [68l Theorem 2.6]). 

Proposition 2.1. Let {F„ : n G N} and {F^^ : Ji G N} be two F0lner sequences of 
G. Assume that ea ^ Fi Q F2 Q ■ ■ ■ . Then for any e G and each G 

there exist integers ni,--- , with N < ni < ■ ■ ■ < Uk such that Fn^^,--- , Fn^. 
e-quasi-tile F^ whenever m is large enough. 

Let / : M be a function. Following [37], we say that f is: 

(1) monotone, if f{E) < f{F) for any E,F £ Fg satisfying E C F; 

(2) non-negative, if f{F) > for any F G J-g', 

(3) G-invariant, if f{Fg) = f{F) for any F e Tg and g G G; 

(4) sub-additive, if 'f {E U F) < f{E) + f{F) for any E,F € Tg- 

The following convergence property is well known (see for example |37l Lemma 
2.4] or [51] Theorem 6.1]). 

Proposition 2.2. Let f : Tg — > K fee a monotone non-negative G-invariant sub- 
additive function. Then for any F0lner sequence {Fn : n G N} of G, the sequence 
{^J§^ ■ ^ ^} converges and the value of the limit is independent of the selection 
of the F0lner sequence {F^ : n G N} . 

In fact, this result can be strengthened along two different lines as follows. 
The first and stronger version of it is: 

Proposition 2.3. Let f : Fg — ^ M fee a function. Assume that f{Eg) = f{E) and 
f{E n F) + f{E UF) < f{E) + /(F) whenever g e G and E,F e Tg (here, we 
set /(0) = by convention) . Then for any F0lner sequence {Fn : n G N} of G, 
we have that the sequence { ^jp-^' ■ G -^l converges and the value of the limit is 
independent of the selection of the F0lner sequence {F„ : n G N}, in fact, 

y f{Fn) . , /(F) /(F„)^ 
hm — mi [and so — mi ^ 



|F„| FeTc \F\ ' nGN |F„| ' 

Remark 2.4. A version of this Proposition was proved by Moulin Ollagnier [561 
Lemma 2.2.16 and Proposition 3.1.9]. However, observe that the definition of sub - 
additivity in \56\ Definition 3.1.5] is .slightly different from ours. 

We are grateful to Hanfeng Li and Benjy Weiss for pointing this out to us. 

While our proof follows .similar lines to that of [56], the details are somewhat 
different. We present a proof here, both for completeness and because we will need 
some of the ideas in Provosition \9.2\ below. 

In order to prove Proposition 12. 3[ we need the following two lemmas. 

Lemma 2.5. Let T,E €Tg. Then hs ^ E ^Tg- 

teT geE 

Proof Set F = E ItE and i? = ^ ^Tg- Let g' G G. Then L{g') > if and only 

teT geE 

if there exists t € T such that g' G tE, if and only if there exists g & E such that 
g' G Tg, if and only if R{g') > 0. Moreover, for any given n G N, L{g') = n if and 
only if there exist exactly n distinct elements ti, - ■ ■ , i„ of T such that g' G t^F (say 
g' = tigi for some gt G F) for each i = 1, ■ • • , n. if and only if there exist exactly 
n distinct elements gi, ■ ■ ■ , gn of F such that g' G Tgi for each i = I, ■ ■ ■ , n, if and 
only if R{g') — n. This finishes the proof. □ 
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We also need the following result. As Lemma [9.31 below is a general version of 
this Lemma, we shall defer its proof: see also [Ml Lemma 2.2.16]. 

Lemma 2.6. Let f : be a function. Assume that f{E n F) + f{E U F) < 

f{E) + f{F) whenever E,F E J-q (here, we set f[%) ~ by convention). If 
E,Ei, - ■ ■ , En e J-^Gi TT- G N satisfy 



i=l 

where all ai, - ■ ■ , a„ > are rational numbers, then 

n 

/(£;)<^aj(£;,). 

i=l 

Now we prove Proposition [531 

Proof of Provosition \2.S[ Let {Fn : n G N} be a F0lner sequence for G. Observe 
that there exists M G K such that /({.g}) = M for each g G G. Set 

/' : ^ K, £ f{E) - \E\M < 

for each E G J"g- The function /' : J"g ^ K satisfies f'{Eg) = f'{E) and f'{E fl 
F) + f'{E UF) < f'{E) + /'(/) whenever 5 G G and -B, G J"g (again, we set 
/'(0) = by convention). Thus, we only need show that the sequence {^-jp^ '■ n G 
N} converges and 

(2.2) hm . inf '^'^^^ 



\Fn\ F^Ta \F\ 



Obviously, 



of G, for each n G N we set E^ = n f] g~^Fn C F„, then lim f|4 = 1- 



(2.3) lim inf 4^ > inf 

For the other direction, let T G be fixed. As {F„ : n G N} is a F0lner sequence 

^ n ^ ^ n 1 I'li'-'J^i mil 

n— >-cxD 

using Lemma [231 one has that, for each n G N, 

teT g£E„ 

By the construction of £'„, tEn G F„ for any t E T. Thus there exist E[, - ■ ■ , i?^ G 
JyJj G {0} U N and rational numbers ai, ■ • ■ , am > such that 



' ' tGT j=l 



Hence 



(2-4) = p7^ E l^^' + E"^!^;^ 



T 

' seB,. i=i 
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which impUes that 

f'{Fr,) < ^ E + E (applying LemmaESlto /') 

' ' geE„ j=i 

(2.5) < J^iT. - ^/'(T) 

(as the function /' is G-invariant and negative). 



It foUows that 



hmsup — — < hnisup — - • — — (using ^) 

I'iT) \Er,\ 

— (as lim — ^ ^ 



|T| ^ rwoo |F„| 

which imphes 

Now ([Z!2)) follows directly from ((2?3)) and ((2^ . This completes the proof. □ 



Now we introduce a second stronger version of Proposition [ 
Let 7^ T C G. We say that T tiles G if there exists ^ Gt C G such that 

{Tc : c £ Gt} forms a partition of G, that is, Tc^ nTc2 = if ci and C2 are different 

elements from Gt and IJ Tc = G. 

cGGt 

Denote by Tg the set of all non-empty finite subsets of G which tile G. Observe 
that To 7^9, as To D {{g} : g G G}. 

By a measurable dynamical G-system (MDS) {Y, T), G) we mean a probability 
space (y, 2?, i^) and a group G of invertible measure-preserving transformations of 
(y, 2?, i^) with cg acting as the identity transformation. 

Let {Y,V,v,G) be an MDS. We say that G acts freely on {Y,V,iy) if {y e F : 
gy = y} has zero i^-measure for any g € G \ {ec} ■ 

As shown by the following result, tiling sets play a key role in establishing a 
counterpart of Rokhlin's Lemma for infinite countable discrete amenable group 
actions (cf [70l Theorem 3.3 and Proposition 3.6]). 

Proposition 2.7. Let T G Fq- Then T ^ Tg if and only if, for every MDS 
{Y^T>,v^G), where G acts freely on {Y,T>^v), for each e > there exists B ^ T> 

such that the family {tB : t G T} are disjoint and v{ IJ tB) > 1 — e. 

teT 

The class of countable amenable groups admitting a tiling F0lner sequence (i.e. 
a F0lner sequence consisting of tiling subsets of the group) is large, and includes 
all countable amenable linear groups and all countable residually finite amenable 
groups [69] . Recall that a linear group is an abstract group which is isomorphic to a 
matrix group over a field K (i.e. a group consisting of invertible matrices over some 
field K)] a group is residually finite if the intersection of all its normal subgroups of 
finite index is trivial. Note that any finitely generated nilpotent group is residually 
finite. 

If the group admits a tiling F0lner sequence, we have a stronger version of Propo- 
sition [221 (this strengthens [701 Theorem 5.9]). 
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Proposition 2.8. Let f : Tg — > M 6e a junction. Assume that f{Eg) = f{E) and 
f{E U F) < f{E) + f{F) whenever g (E G and E, F e Tg satisfy EnF ^9. Then 
for any tiling F0lner sequence {Fn : n € N} of G, the sequence {^jp^ : n G N} 
converges and the limit is independent of the selection of the tiling F0lner sequence 
{Fn : n G N}, in fact: 

y f{Fn) . , f{F) f{Fn)^ 
iim — — = mi — — — (and so = mi — — . 

n^oo |F„| FeTo \F\ ^ ngN |F„| ' 

Proof. Let {F„ : n G N} be a tiling F0lner sequence for G. Tlien tliere exists M G M 
sueli tliat /({(?}) = M for eaclr g G G. Set 

h:TG^^,E^ \E\M - f{E) 

for each E G Tq- Tire function h : Fg ^ ^+ satisfies h{Eg) = h{E) and h{EUF) > 
h(E) + h{F) wlienever .g G G and E,F e Fg satisfy E n F = 9. Tlius, we only 



need show that the sequence { YjfV ■ G I^} converges and 



(2.7) lim — — = sup — -. 

n^oo \Fn\ FeTo \F\ 

It is clear that 

ON r HFn) ^ h{F) 

(2.8) hmsup— — < sup — — . 

For the other direction, first let e > and F G 7g be fixed: Gj? is a subset of G 
such that {Eg : g € Gp} forms a partition of G. As {F„ : n G N} is a tiling F0lner 
sequence of G, F„ is {F, e)-invariant whenever n G N is large enough. Now for each 
n G N set E'n ^ {g eGp ■ Eg C F„} and E,, = {g eGp ■ EgCi F„ ^ 0}, one has 

En\E',^CF-^FnnF-\G\Fn). 

Thus if 71 G N is sufficiently large, 

^-f^<\En\<\E'J+e\Fnl i.e. > (i^ - ,)|F„|, 

and thus 

h{Fn) ^ hjEE'J ^ h{F)\E'J ^ , I 

w - - -^w\' ^■ 

liniinf.^^>(^-e)/i(F). 
Since both e > and F G 7g a-i'c arbitrary, one may conclude 

(2.9) ,„,„fi^>»pW 

Now (PT7)) follows directly from ((^ and (g^. This completes the proof. □ 

From now on, fix {F„ : n G N}, a F0lner sequence of G with the property that 
cg C C F2 C • • ■ (it is easy to see that such a F0lner sequence of G must exist). 

We end this section with the following example, which highlights the difference 
between Proposition 12.31 and Proposition 12 . 81 for G = Z (compared to more general 
groups) . 
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Example 2.9. There exists a monotone non-negative Tj-invariant sub-additive 
function f : T% ^ (in particular, f satisfies the assumption of Proposition [27^ 
and so the sequence '■ G 1^} converges) such that 

(2.10) lim mhlll^ > i,f fi^. 

Thus, f does not satisfy the assumption of Proposition \2.'J\ . 

Construction of Examvle \2.(h The function / is constructed as follows: let E e J-g, 

f{E) = min{|i?| — \F\ : {p + S : p <E F} \s a disjoint family of subsets of E}, 

here S = {1, 2, 4} and F may be empty. For example, f{S) = 2, /({I, 2, 3, 4}) = 3. 
Now we claim that the constructed / has the required property. 
First, we aim to prove that / is a monotone non-negative Z-invariant sub-additive 
function by claiming f{E) < f{E U {a}) with E Fz, a e 1\ E and f{Ei U E2) < 
fiE,) + f{E2) with Ei,E2€ Jz, Eir\E2 = 0. 

Observe that we can select F such that f{E U {a}) = \E\ + 1 — \F\ and {p+ S : 
p G F} is a disjoint family of subsets oi E U {a}. If a ^ U{p + S : p G F} then 
{p + S : p <E F} is also a disjoint family of subsets of E and so f{E) < \E\ — \F\. 
If a e po + "5* for some po £ F then {p + S : p G F \ {po}} is a disjoint family of 
subsets of E and so f{E) < \E\ - \F \ {po}\. Summing up, f{E) < f{E U {a}). 

Now let Fi be such that f{Ei) = \Ei\ - \Fi\ and {p -\- S : p G Fi} is a disjoint 
family of subsets of E'^, i = 1, 2. As £^1 n £^2 = It is easy to see that FiCi F2 = ^ 
and {p -\- S : p £ Fi U F2} is a disjoint family of subsets of Ei U E2, and so 
f{Ei U E2) < \Ei U E2\ - |Fi U £^2! = f{Ei) + f{E2). 

Secondly, let n G N. We prove that /({I, • • ■ , 4n}) = 3n. It is easy to check that 
/({I, • • • ,4n}) < in. Assume that /({I, • • • ,4n}) < in: in particular, there exists 
F <E Fz such that {p -\- S : p G F} is a disjoint family of subsets of {1, • • • ,4ri} 
and |F| > n. Observe that there exists at least one k such that {4k — 3,4fc — 
2,4fc — l,4fc} n F contains at least two different elements. In particular, there 
exists i',j' G {4fc — 3, 4fc — 2, 4fc — 1, 4fc} such that i' -\~ S and j' -I- S are disjoint, a 
contradiction to the fact that {i -\~ S) H {j + 5) 7^ whenever i,j G {1,2,3, 4} (this 
can be verified directly). Thus, /({I, • • ■ ,4n}) = in. 

Finally, we finish the proof of the strict inequality (|2.10|) by observing that 
inf = |. This finishes the construction. □ 



\E\ ~ 3- 



Obviously, by standard modifications, we could obtain such an example with 

lim^»^'-'"»>0^ inf Igl. 
Ti-s-oo n -Ee^z \E\ 



3. Measurable dynamical systems 

In this section we give some background on measurable dynamical systems and 
obtain the relative Pinsker formula for an MDS for an infinite countable discrete 
amenable group action. This was obtained in [30] in the case where A is a Lebesgue 
space. 

We believe that Theorem l3.13l is an interesting new result. Answering the related 
Question 13 . 141 will increase our understanding of the entropy theory of an MDS. 
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Let (y, V, v) be a probability space. A cover of {Y, V, v) is a family W C 2? 
satisfying IJ W = Y] \i all elements of a cover W are disjoint, then W is called 

a partition of (y, 2?, z^). Denote by Cy and Py the set of all finite covers and finite 
partitions of {Y^V^v), respectively. Let a G Py and y G F. Denote by a{y) the 
atom of a containing y. Let Wi, W2 S Cy. If each element of Wi is contained in 
some element of W2 then we say that Wi is /iner than W2 (denote by Wi > W2 or 
W2 ^ Wi). The join Wi V W2 of Wi and W2 is given by 

Wi V W2 = {M^i n VF2 : M^i e Wi, M^2 G W2}. 

The definition extends naturally to finite collections of covers. 

Fix Wi S Cy and denote by ViyVi) S Py the finite partition generated by Wi: 
that is, if we say Wi = {Wl, ■■■ , W^i™}, m g N then 

m 

^(Wi) ^{f]A:A,e {Wi, {Win, 1 < * < m}. 

i=l 

Wc introduce a finite collection of partitions which we will use in the sequel. Let 
P(Wi) = {a e Py : P{Wi) hah Wi}. 
Now let C be a sub-cr-algebra of V and Wi G Py. We set 

H,{Wi\C) = - J2 [ HWi\C){y) log ,.{Wi\C){y)d,y{y), 

(by convention, we set OlogO = 0). Here, i/(W^i|C) denotes the conditional expec- 
tation with respect to v of the function relative to C It is a standard fact that 
Hp{Wi\C) increases with Wi (ordered by >^ ) and decreases as C increases (ordered 
by C). In fact, if the sequence of sub-tr-algcbras {C„ : n € N} increases or decreases 
to C then the sequence {H„{yVi\Cn) : n G N} decreases or increases to H,y{Wi\C), 
respectively (see for example [29l Theorem 14.28]). 
If TVy = {0,y} is the trivial cr-algebra, one has 

H,{Wi\My) = - Y1 '^iWi)\ogi^{Wi)>H,{Wi\C). 

VV'iGWi 

We win write for short i?,.(Wi) = H^iWilAfy)- 

Let W2 G Py. Then W2 naturally generates a sub-cr-algebra of V (also denoted 
by W2 if there is no ambiguity). It is easy to sec that 

H,{Wi\W2) = H.iWi V W2) - H,{W2). 

In fact, more generally, 

(3.1) H,{Wi\C V W2) = H,{Wi V W2IC) - H,{W2\C), 

here, C V W2 denotes the sub-cr-algebra of V generated by sub-cr-algebras C and W2 
(the notation works similarly for any given family of sub-cr-algebras of V). 
Now let Wi G Cy, following the ideas of Romagnoli [SS] we set 

H^{Wi\C)^ inf H^{a\C). 
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Obviously, there is no ambiguity for this notation. Moreover, it remains true that 
Hiy{Wi\C) increases with Wi and decreases as C increases. Similarly, we can intro- 
duce H^{Wi). Note that (sec for example [531 Proposition 6]) 

(3.2) H^iWi) = min H^a). 

aeP(Wi) 

Let {Y,V,v,G) be an MDS, W G Cx and C C P a sub-cr-algcbra. For each 
F e J"g, set Wf = V .9"^W. If C is G-invariant, i.e. g^^C = C (up to ly null sets) 

gGF 

for each g ^ G, then it is easy to check that 

is a monotone non-negative G-invariant sub-additive function. Now, following Ro- 
magnoli j63j we may define the measure-theoretic v-entropy of W with respect to C 
and the measure-theoretic v, +-entropy ofW with respect to C by 

h,{G,W\C)^ lim -^H,{WfJC) 

and 

h^+(G,W\C)^ inf hJG,a\C) > hJG,W\C), 

respectively. By Proposition h^{G,W\C) and thus /i^^+(G, >V|C) are well- 
defined. Observe that if a S Py then hi,{G,a\C) = ft.y.+ (G, a|C) and 

(3.3) h,{G,a\C)^ inf ^i7,(aj^|C) < iJ,(a|C), 

F£j^C l-T I 

which is a direct corollary of Proposition 12. 3[ see also [501 (2)]- Then the measure- 
theoretic v-entropy of (Y, T), G) with respect to C is defined as 

h^{G,Y\C) = sup h^{G,a\C). 

By Proposition 12.21 all values of these invariants are independent of the selection 
of the F0lner sequence {Fn : n e N}. 

To simplify notation, when C = My we shall omit the qualification "with re- 
spect to C" or "|C". When T is an invertible measure-preserving transformation 
of (y, 2?, z^) and we consider the group action of {T" : n g Z}, we shall replace 
"{T" : n G Z}" by "T". 

It is not hard to obtain the following basic facts. 

Propositions.!. Let {Y,V,iy,G) be an MDS, Wi, W2 G Cy,ai,a2 G 'Py,F e Tg 
and C T) a G-invariant sub-a -algebra. Then 

(1) /v(G,Wi|C) < h,{G,W2\C) and h,,+ {G,Wi\C) < /i,.+ (G, W2IC) tf Wi ^ 

(2) h,{G,WiyW2\C)<h,{G,Wi\C) + h,{G,W2\C) and /i,.+ (G, Wi V W2IC) < 
/V+ (G, Wi |C) + /v+ (G, W2 |C) . 

(3) h,{G,iWi)F\C) = h4G,Wi\C) < h,^+{G,Wi\C) < H,{Wi\C) < \og\Wi\, 
here |Wi| denotes the cardinality o/Wi. 

(4) /i^(G,aiVa2|C) < h^iG,a2\C) + H^{ai\CWa2) < h^{G,a2\C) + H^{ai\a2). 

(5) h^{G,Y\C)^ sup /i^(G,W|C)= sup /i^.+ (G, W|C). 
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Proof. Equations ^ and ([5]) are easy to verify. 
Equations ([2]) and (|4]) follow directly from 

H^iiWi V W2)e\C) < H,{{Wi)e\C) + H,iiW2)E\C) 

and 

H.iiai V a2)E\C) < ff.((a2)ij|C) + \E\H,{ai\a2 V C) 

for each E S J- a, respectively, neither of which is hard to obtain. 

Thus, we only need prove Q. Note that if a G Py satisfies a >z Wi then 

h,.+{G,Wi\C) < K{G,a\C) < H,{a\C} 

by p.3p . which implies that 

K,+ {G,Wi\C) < H4Wi\C) < H^{Wi) < log|Wi|. 

It remains to prove that 

h.{G, {Wi)f\C) = K{G,Wi\C). 

We should point out that if {F„ : n G N} is a F0lner sequence of G then {FF„ : 
ri G N} is also a F0lner sequence of G and lim ^fp"i^ = 1, which implies that 

K{G, (Wi)f|C) 

= hm J-^h,(((w^)f)e„\C) 

= lim J-H,{{Wi)ffJC) 

1 IFF I 

= /i^(G', WilC) (as {FFn : n G N} is also a F0lner sequence of G). 
This proves ^ and so finishes our proof. □ 

We also have: 

Proposition 3.2. Let {¥,!), VjG) be an MDS and C C V a G-invariant suh-a- 
algebra. Then for each M £ N and any e > 0, there exists 5 > such that 

\h,{G,Wi\C) ^ h,{G,W2\C)\ < e 

M 

whenever Wj = {W^ij, • • • , Wmj} e CyJ = 1, 2 satisfy v{Wrn,i^W,n,2) < S. 

m— 1 

Proof. This is just a re- writing of the proof of [371 Lemma 3.7]. □ 

In fact; the following interesting result holds. This plays an important role in 
the establishment of the theory of local entropy theory for a topological G-action 
(see [37]). 

Theorem 3.3. Let {Y,V,iy,G) be an MDS, W G Cy and C C V a G-invariant 
sub-a- algebra. Assume that (Y,!?,!^) is a Lebesgue space. Then h^{G,W\C) = 
/ii/_+(G, W|C). Thus, using (|3.3p we have an alternative expression for h^(G,W\C): 

(3.4) hJG,W\C)^ inf ^ inf HJaplC). 
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Remark 3.4. To prove Theorem \S.3\. we shall use Danilenko's orbital approach to 
the entropy theory of an MDS as a crucial tool. In fact, to prove Theorem \3.3i we 
should recall almost all of the arguments of Danilenko in |16j and then re-write the 
whole process carried out in [371 §4] • In other words, we should argue the whole 
[37[ §4] in the relative case of given a G-invariant sub-a-algebra C T>. As this is 
a straightforward re-writing of the arguments of |371 §4], we shall omit the details 
and leave their verification to the interested reader. We only remark that, based 
on the results from |31[ 1331 163] , the equivalence of these two kinds of entropy for 
finite measurable covers was first pointed out in the literature by Huang, Ye and the 
second author of the paper in [35| in the case of Ij- actions. 

As in the case of a measurable dynamical Z-system, one can define a relative 
Pinsker formula in our setting. 

Theorem 3.5. Let {Y,T>,v,G) be an MDS, C T> a G-invariant sub-a-algebra 
and a,l3 G Py. Then, for Pq, the sub-a-algebra of T> generated by g^^l3,g G G, 

(3.5) lim -^77,(aFj/3F„ VC) = /i,(G,a|/3G VC) 

and so 

h,{G, a V /3|C) - K{G, (3\C) + K{G, «|/3g V C). 
Before establishing (|3.5p . we first make a remark. 
Remark 3.6. Under the assumptions of Theorem \3.5l it is not hard to check that 

H^{a,\P,yC) -.Fg^^.F^ H^{aF\PFyC) 
is a non-negative G-invariant function. In fact, it is also sub-additive (using (|3.ip j; 
H^{aEyjF\PEyjF'^C) < H^{aE\l3EuF y C) + H^{aF\PEuF ^ C) 
< H,{aE\PEyC) + H,{aF\PFyC) 

whenever E,F E Fq. In general, this function is not monotone. For example, let 
G = Z2 X Z (hence (0, 0) will be the unit of the group) and consider the MDS 

({a,6}«,e{,,fc}o,(g){i i},G), 

geG 

where B^a,b}'^ denotes the Borel a-algebra of the compact metric space {a, b}^ and 

G acts naturally on {{a,b}'^ , B^a b}'^ : ^ {^'il) measure-preserving, set 

geG 

a = {W(o,o), [b]{ofi)} and P = (l,0)"^a 
with [j](o.o) = {i.^g)geG '■ ^(o.o) = * W^b}. Now let S G Fz and set 

E = {(0, s) : s G S*} G J^G andF ^ {(1, s) : s E S} ^ ■ E e Fq- 
Using (|3.ip again, it is straigthforward to check 

H,{aF\PFy M{a.b}o) = H^iaF^ PFW{a,b^G) - H,{pFW{a.b}^) = l^|log2; 
whereas, 

aF = Oi{ifi).E — ((l,0)~^a)£; = I3e and similarly ue — Pf, 

and so 

ff^(aEuF|/3£;uF V A/'{a,h}G) < IS*] log2 ^ H^{aF\l3F ^ J^{a.b}<^)- 
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Now we prove Theorem [ 
Proof of Theorem \3.5i Observe that for each n E N using one has 
(3.6) H,{{a V f3)F„ \C) ^ H,{pF„ \C) + i/.(aF„ |/3f,. V C). 



By the definitions, to finish the proof it is sufficient to prove p.5|) . 

As a sub-(T-algebra of P, (3g (and hkcwise Pg VC) is G-invariant, thus 

K{G,a\pGyC)= fim -l-H,{aFjPGyC). 

n^ca \tn\ 

Set M = H^{a\l5 V C) (and so M = i^^(a{g} |/3{g} V C) for each g G G) and 

c= hm 7^i?^(aFj/3F„ VC). 

n^oo |^„| 

Observe that by Proposition 12.21 the hmit c must exist (using p.6p ). 

Obviously, c > h^{G,a\f3G VC). To complete the proof, we only need show that 
c < /iy(G, a|/3G V C). The proof follows from the methods of Proposition 4.3]. 

Let e e (0, 1;). Clearly, there exists iV e N such that if n > N then 

(3.7) l-^H^iap,^ \i3f„ VC) - c| < e and | -^i/,(a^„ \i3g VC) - /i,(a|/3G VC) | < e. 

By Proposition 12. li there exist integers ni, • • • , such that N < ni < ■ ■ ■ < 
and i^jij , • ■ • , -frifc e-quasi-tile whenever m is sufficiently large. Note that there 
must exist B G Tg such that 

(3.8) i^.(aF„, I/Jb V C) < i/.(a;^„^ \Pg V C) + e 

for each i = 1, • • • , fc. Now let m G N, m > be large enough such that F,„ is 
{B U {ec}, -^-^ )-invariant and -Fni, ■ • ■ , e-quasi-tile Fm with tiling centers 

Gr, ■ • ■ , Cf"-' Then, by the selection of GJ", • ■ • , G^\ one has 

(1) for A„, = {g e F^ : Bg C F„} F„ \ B-^G \ F„), as F^ \ C 
F,n n B"^(G \ F,n) and F,„ is (_B U {ec}, -^-^ )-invariant, then 

i = l 



(2) G," C F,„, i = 1, • • • , fc (as ec C Fi C F2 C . . . ) and 

(3) D U and | U F^^Crl > max{(l-e)|F™|, (1-e) ^ |Gr||-F„.|}. 

2—1 i—1 i=l 

Moreover, we have 

^if,(aF„J/?F„. VC) 

< -^{H,ia , |/3f„ VC) + ff,(a . |C)} 

k 

(3.9) < ^ ^i/,(aF„^crl/3i=^™ VC) + elog|a|, 

(1-6)E IQII^n.l 
z=l 
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where the last inequahty follows from the above ([3]), moreover, for each i = 1, • • • , fc, 
1 



\cr\\Fn 



^ T7^\i E t^H^^^fJPf^c-^ V C) + 

< J_iJ,(aj.„J/3s VC) + -i- ^ |/^^^^_, vC) 

(by the selection of Am and the above ^) 
(3.10) < -j-g.(af„^ V C) + 6 + '^7„\„^"' log |a| (usmg Q). 
Combining p.9p and p.lOp . we obtain 

\rm\ 



e+^^^}^logH} + .logH 

e+- — log|a|} + elog|a| (using (P) 



i=l 



1 1 

< max 



1 - e i<i<fc |Fr 



-F,(ai.„J/3G VC) + 



^ (e+ --^ log |a|) + e log |a| (using Q), 



1 - 1 - e 

combined with p.7p . one has 

c < -^K{G, a\(3G V C) + -^(2e + log |a|) + e(l + log |a|). 
1 — e 1 — e 1— e 

Finally, c < hy{G, a\f3G V C) follows by letting e 0. This finishes our proof. □ 

Remark 3.7. Remark that the case where (y, T), v) is a Lebesgue space was proved 
by Glasner, Thouvenot and Weiss [301 Lemma 1.1]. The relative Pinsker formula 
for a measurable dynamical Z-system is proved in [751 Theorem 3.3]. 
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Let {Y,V,i^) be a Lebesgue space. If {ai : i 6 /} is a countable family in Py, 
the partition a = \/ ai = {f^ At : Ai ai,i € 1} is called a measurable partition. 

Note that the sets C G 2?, which are unions of atoms of a, form a sub-cr-algebra 
of P, which we will also denote by a without any ambiguity. In fact, every sub-cr- 
algebra of V coincides with a (T-algebra constructed in this way modulo i^-nuU sets 

(cf EH). 

Let {Y, V, v, G) be an MDS and C C D a G-invariant sub-cr-algebra. Define 
the Pinsker algebra of (y, 2?, v, G) with respect to C, V^iY, D, v, G), to be the sub- 
cr-algebra of V generated by {a G Py : h,j{G,a\C) = 0}. In the case of C = 
Afy we wiU write 'P{Y,V,iy,G) = V^^{Y,V,v,G) and caU it the Pinsker algebra 
of {Y^V,v,G). Obviously V^{Y,T>,v^G) C D is a G-invariant sub-cr-algebra and 
C\JV{Y,V,v,G) C V'^{Y,V,v,G). 

We say that {Y, V, v, G) has C-relative c.p.e. if T''^{Y, V, v,G) = C (in the sense 
of mod ly), and has c.p.e. if it has A/y -relative c.p.e. 

The following is jll Theorem 3.1]. 

Proposition 3.8. Let {Y^V^VjG) be an MDS and C V a G-invariant sub-a- 
algebra. Assume that (Y,23, z^) is a Lebesgue space. Then (Y,23, i^, G) has C-relative 
c.p.e. if and only if for each a G Py and any e > there exists K G !Fg such that 
ifFeTa satisfies FP-^ n {K \ {ec}) = then 

We also have: 

Proposition 3.9. Let {Y^V^v^G) be an MDS, C a G-invariant sub-a-algebra 
and a G Py. Assume that (Y,!),!/) is a Lebesgue space. Then 

(3.11) /v(G,a|C) = h^{G,a\P'^{Y,V,i^,G)). 
In particular, (Y, D, v, G) has P'^iY, D, v, G)-relative c.p.e. 

Proof. First, let us prove (|3.1ip . As (F, P, is a Lebesgue space, there exists a 
sequence {/3„ : n G N} C Py satisfying /?i ^ /32 ^ • ■ • P'^{Y,V,iy,G). For each 
n G N, one has 

hAG,a\C) < /i,(G,aV/3„|C) 

= /i^(G,^„|C) + /v(G,a|(/3„)G VC) (using Theorem[33]) 

(3.12) = h,iG,a\iP„)G'^C) (as l3„ CP^{Y,V,iy,G)) <h,iG,a\C). 

By the choice of the sequence {/3„ : n G N}, the sequence of sub-cr-algebras (/3„)g' VC 
increases to P'''{Y, T>, v, G), and so by p.l2p one has: 

K{G,a\C) = inf /i^(G,a|(/3„)G VC) 

riGN 

= inf inf ±.HMFm)G V C) (using ^) 

riGN FeJ^G l-t I 

= inf inf i-i7,(a^|(/3„)GVC) 

FeJ^G neN \F\ 

= mt^j^^H,{aF\P^{Y,V,,,,G)) 

(3.13) = /i^(G, a |7''^(y,I?,z^,G)) (using O again). 
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This establishes (|3.1ip . Moreover, from this one sees 

V^{Y, V, V, G) = v^'^^'^^^'^^'^^Y, P, G), 

that is, (y, V, v, G) has V'^iY, V, v, G')-relative c.p.e. This finishes our proof. □ 

As another direct corollary of Theorem l3.51 one obtains the well-known Abramov- 
Rokhlin entropy addition formula (see for example [16l Theorem 0.2] or [68]). 

Proposition 3.10. Let (y, z^, G) be an MDS and Ci C C2 C 2? two G-invariant 
suh-a- algebras. Assume that (y, 23, z^) is a Lebesgue space. Then 

h,{G,Y\Ci) = /i,(G,y|C2) + /i.(G,y,C2|Ci). 

Here, /ii/(G, y, C2IC1) denotes the measure-theoretic v-entropy of the MDS {Y,C2,i^, 
G) with respect to Ci . 

Proof. Let {a^ : i 6 N} and {f3i : i g N} be two countable families in Py such that 
the sub-(T-algebras C2 and V can be induced by the measurable partitions V 

and V l^ii respectively. By a similar reasoning to p.l3p one has 

n 

(3.14) h,{G,Y\Ci)^ lim /i,(G,\/(«. VA)|Ci), 

n n 

(3.15) /v(G,y|C2)= lim h,{G,\l a,)GyCi) (as Ci C C2), 

n 

(3.16) K{G,Y,C2\Ci) = lim /v(G, \/"»|Ci). 
For each n G N, by Theorem 13.51 one has 

n n n n 

(3.17) /i,(G, \J{a, V /3,)|Ci) = K{G, \J a,|Ci) + /i,(G, \J P,\{\J a,)G V Ci). 

The conclusion now follows from ([XTi)) . ((XTa . and ((XT71) . □ 

Let (y, 23, ly, G) be an MDS and C C 23 a G-invariant sub-cr-algcbra. For each 
n G N\ {1}, over (y", 23") (here, y" = y x • • • x y (n-times) and 23" = 23 x • • • x 23 
(n-times)) following ideas from [551 [Ml 137] , we introduce a probability measure 
Xf-^{iy) as follows: 

>^nH([[A)^ / l[>y{A,\V''{Y,V,iy,G))d,y, 

1=1 •'^ 1=1 

whenever /li,-- - , j4„ G 23. As G acts naturally on (y",23"), it is not hard 
to check that the measure A^(i^) is G-invariant (recall that the sub-cr-algebra 
V'^iY, 23, i^, G) C 23 is G-invariant) and so (Y", 23", X^{v),G) forms an MDS. 

Following the method of proof of [571 Lemma 6.8 and Theorem 6.11], it is not 
hard to obtain: 

Lemma 3.11. Let (Y, 23, G) be an MDS, C ^D a G-invariant sub-cr-algebra and 
W = {Wi, • • • , Wn) e Cy with 71 e N \ {1}. Then 
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n 

(1) A^(i/)( n W^) > if and only if K{G, /3|C) > whenever (3 ePy satisfies 

n 

(2) if A^(j^)( n VV[) > then there exist e > and a ePy such that a ^ W 

i=l 

and, whenever (3 6 Py satisfies (3 >^ W, 

H,{a\p V V'^iY, V, v,G))< H,{a\V^{Y, V, v,G)) - e. 

Remark 3.12. In fact, following the proof of |37[ Theorem 6.11], the partition a £ 
Py in Lemma \3.11\ ^ can he specified as follows: put Wi(0) Wi and Wi{l) = 

n 

for each i = 1, ■ ■ ■ ,n, set Ws = f] ^ii^i) for each s = (si, • ■ • , s„) G {0, 1}" and 
then define a = {Ws : s G {0, 1}"}. 

This result can be strengthened as follows. 

Theorem 3.13. Let {Y,T>,i/,G) be an MDS, C C V a G-invariant sub-cr- algebra 
and W = {Wi,--- ,W^„} S Cy with n S N \ {1}. Assume that [Y^V^v) is a 
Lebesgue space. Then the following statements are equivalent: 

(1) h^{G,l3\C) > whenever G Py satisfies /3 ^ W. 

n 

(2) ACH(nM/f) >0. 

(3) inf j^H,{Wf\C)>0. 

(4) h^{G,W\C) > 0. 

Proof. The equivalence (1) <S=^>([2]) is established by Lemma [3.111 and the implica- 
tions ((3])=> (4) => (1) follow directly from the definitions. 
Thus, it suffices to prove ([2|) ([3|) . 

n 

Now assume that Af,(t/)(n W^f) > 0. Using Lemma ETU again, there exist 
a G Py and e > such that 

(3.18) H4a\p\/V'^{Y,V,iy,G)) < H,,{a\V'^{Y,V,v,G)) ~ e 

whenever j3 G Py satisfies (3 > W. By Proposition 13.81 and Proposition 13.91 we can 
choose K e such that if _F G J"g satisfies FF^^ n (A' \ {cg}) = then 

(3.19) \^^H,{aF\V%Y,V,y,G)) - H,{a\V'' {Y,V,y,G))\ < 

For E e Fg and g G E, there exists S e Fg such that SS~^ Ci {K \ {ec}) ^%,g e 
5 C and (S* U {g'}){S U {g'})~^ n [K \ {cg}) ^ for any g' <^ E\ S. Thus, 

(3.20) \^^H,{as\V''iY,V,iy,G)) - H,ia\P^{Y,V,i^,G))\ < | (using ^B)- 

It is now not hard to check that 

E\SC{K\ {eG})S U {K \ {ecjr'S = [K U K'^ \ {ecD^, 
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hence S C E C {K U R-^ U {eG})S, one has {2\K\ + 1)\S\ > \E\. So, if /3 G Py 
satisfies (3 y Ws then g/3 >r W for each g ^ S, hence 

>H,{l3\P^{Y,V,,y,G)) 

= H,{l3y aslV'^iY, V, v,G)) - H,{as\P V V^{Y, V, v, G)) 

> H,{as\V''{Y, V, V, G)) - RM\a^ V P, G)) 

ges 

> H,{as\V^{Y,V,v,G)) - \S\{H,{a\V^ {Y,V,v,G)) ~ e) (using ^M) 

> ^ (using «). 
Since /? is arbitrary, 

Finally, letting E vary over all elements from we obtain (jSj. (Recall that 
{2\K\ + 1)\S\ > \E\.) This completes the proof. □ 

Question 3.14. Let {Y^'V,v,G) he an MDS, C C T) a G-invariant sub-a-algebra 
and W G Cy . We conjecture that the following equation holds: 

hUG,W\C)= mf^j^^H^WFlC). 

(1) The reasoning of (|3.3p does not work in this case, since if a € Py then 
using (j3.ip one can demonstrate easily the strong sub-additivity of 

(3.21) H4aEnF\C) + H,{aEuF\C) < H^aslC) + HAaplC) 

whenever E,F G J-q (setting a% — My)- We don't know whether p.2ip 
holds for a general cover W G Cy . 

(2) From the definitions, the inequality > holds directly. Moreover, by Theorem 
\3.13\ if (y, T>, v) is a Lebesgue space then 

inf -^HA'Wf\C) > if and only if hAG,W\C) > 0. 

FeJ^a \F\ 

(3) The conjecture should be compared with Proposition \2.3l Proposition \2.8\ 
and Examvle \2. 9\ 

Observe that in the topological setting, we have a similar result |20[ Lemma 6.1], 
and so a similar conjecture can be made. 

Let (F, T>, v) be a Lebesgue space and C C 2? a sub-cr-algebra. Then we may 
disintegrate v over C, i.e. we write = Jy ^vdi'iy)^ where Vy is a probability 
measure over (Y,!)) for v-a.e. y G Y. In fact, if a is a measurable partition of 
(Y^Vjiy) which generates C, then, for z^-a.e. y & Y, Vy is supported on a{y) (i.e. 
i>y{a{y)) = 1) and Vy-^ = Vy^ for Vy-a.e. yi,j/2 G Q^(2/)- The disintegration can 
be characterized as follows: for each / G L^{Y,'D,i'), if we denote by i^{f\C) the 
conditional expectation with respect to ly of the function / relative to C, then 

(1) / G L\Y,V,iyy) for ij-a.e. yeY, 

(2) the function y i-^ Jy fdvy is in L^{Y, C, v) and 

(3) v{f\C){y) = jy fduy for i/-a.e. y G F. 
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From this, it follows that if / G L^{Y, T>, v) then 
(3.22) / ( / fduy)du{y) = / fdu, 



and so it is simple to check that if /3 G Py then 
(3.23) H,{m= I H,^{P)dy{y). 



Note that the disintegration is miique in the sense that if = Jy Vydv{y) and 
1^ ^ Jy ^y'^^{y) s-re both the disintegrations of v over C, then Vy = Vy for v-a..c. 
y For details see for example p71 IM] , 

Now let (Y, V, f, G) be an MDS and C C V a G-invariant sub-cr-algebra. Assume 
that {Y, X*, i>) is a Lebesgue space and v ~ Jy i^ydi'{y) is the disintegration of v over 
V'^'{Y, V, v, G). Then, for each n G N\{1}, by the construction of one has: 



\niv) = j Vy X ■ ■ ■ X Vy (n-times) dv{y). 

As in |36l Lemma 3.8], we have: 

Lemma 3.15. Let (Y,!), i^) be a Lebesgue space and W G Cy. Let C ^ V he a 
sub-a-algebra and v = ^yVydvi^y) the disintegration of v overC. Then 



H,iW\C)^ J^H,jW)du{y). 

A probability space (Y, I?, i>) is called purely atomic if there exists a countably 
family {Di : i G /} C 2? such that IJ Di) ~ 1 and for each i € I, v{Di) > and 

if D'^ C Di is measurable then v{D^) is either or v{Di). 

We have (observe that [53l Theorem 1.1] is just a special case of Proposition 
IXTl]): 

Proposition 3.16. Let {Y^V^v^G) be an MDS and C C V a G-invariant sub- 
a-algebra. Assume that {Y,D,v) is a Lebesgue space and v = ^yi'ydv{y) is the 
disintegration of v overC. If Vy is purely atomic for v-a.e. y £Y then h^{G,Y\C) = 
0. Conversely, if h^{G,Y\C) > then there is A G D such that ^{A) > and Uy is 
not purely atomic for each y G A. 

Remark 3.17. The assumption that (Y,!?, i/) is a Lebesgue space in Lemma \3.15\ 
and Proposition \3.16\ is not essential. In fact, the conclusion holds whenever there 
is a disintegration of v over the sub-a-algebra C C 2?. 

The case where v is ergodic in Proposition 13 . 16l is well known and is quite stan- 
dard in ergodic theory (see [22l Theorem 4.1.15] for a stronger version). In fact, it 
is not hard to obtain Proposition 13.161 in the general case: based on the following 
result, we can prove it by standard arguments. 

Lemma 3.18. Let {X,B,fi) be a purely atomic probability space and {aj : j G 
N} C Px . Then 



1 /" \ 



(3.24) < X G X : lim — log^ ( ) Q;j(x) = > has ^-measure 1 
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and if there is k > such that \aj \ < k for every j then in addition 
(3.25) Y^J-H,[ya)^=,. 

Proof. By assumption, there exists a partition U {Bi : i G /} of {X, B, fi) with 
/ C N, such that ^{B) = 0, fJ.{Bi) > for each i G / and 

Bi) — 1 and aj(a;) — Bi for each x G Bi. 
Observe that for any i € I and x G i?i we have 



1 /" \ 1 / \ 

hm log/^ (I a, (a:) = lim log/i (I a, (a;) 



0, 



which shows p.24p . Now let us turn to the proof of p.25p . 

Fix e > and select < 6 < 1 such that — ^(log^ — log k) < e for every < ^ < S. 
Observe that there is a finite set J C I such that rj ~ f^i^i) > 1 — (5. Fix any 

ri G N and enumerate the elements of the partition ai V • • ■ V = {Bi, ■ ■ ■ , i?" }. 
Since each of ai, ■ • • , a„ contains at most k elements we have In < fc". Put C" ~ 
B'I\\J{B, : i G J} for j 1, ■ • • , n and write /3„ = {CJ" : 1 < j < /„}U{B, : i G J}. 
Obviously /?« ^ ai V • • ■ V a„, which gives 

(3.26) hA\J aA <iJ,,(/3„) = -^A*(i3.)logMB.)-E/^(C';)logMC;). 
\j=i ) ieJ 3=1 

Using the convexity of —a; log a; on [0, 1], and the definition of 77 we obtain 

hA\J aA < - ^ fi{B,) log fi{B,) -{l-v) log (using (021) 



< -Y,f^iB^)log^l{B,) - (1 - r;)(log(l - 7/) - nlog/c) 
ie,7 

+ ne. 



iGJ 

n 

Dividing by n and letting n — > cx), we see that lim —Hai V Q^?) £• Since e > 
may be chosen arbitrarily small, the result follows. □ 

4. Continuous bundle random dynamical systems 

In this section we define and establish basic properties of a continuous bundle 
random dynamical system associated to an infinite countable discrete amenable 
group action, and give some known results for the special case of Z from [SJ |311 [S3] . 

From now on, (f2, J^, P, G) will denote an MDS , where (fi, J^, P) is a complete 
probability space, that is, every subset of a null set of (51, F, P) is measurable and 
has P-measure 0. 

Now let (X, B) be a measurable space and £ <E J-y.B. Set E^j = {x € X : (w, a;) G 
£} for each w G il. A bundle random dynamical system or random dynamical system 
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(RDS) for short associated to {n,T,P,G) is a family F = {Fg^^i ■ £u —5- £guj\g G 
G,uj £ il} satisfying: 

(1) for each uj E il, the transformation F^^,^ is the identity over 

(2) for each g <E G, {uj,x) i— > Fg^^{x) is measurable and 

(3) for each a; e and all 51 , 52 G G, Fg^^g^^^o Fg^^^ ^ ^9291,^^ (andsoFg-i .^ = 
(-P^g.g-icu)"^ for each g e G). 

In this case, G has a natural measurable action on £ with {uj, x) — > (^w, Fg^i^x) for 
each g € G, called the corresponding skew product transformation. 

Let the family F = {Fg,^ : ^ fg^jg e G, e fi} be an RDS over (SI, J", P, G), 
where X is a compact metric space with metric d and equipped with the Borel a- 
algebra. If for P-a.e. w G fi, 7^ C X is a compact subset and Fg_^ is a 
continuous map for each g £ G (and so -Fg.cj : £uj ^ £gu is a homeomorphism for 
P-a.e. cj S 17 and each g £ G), then it is called a continuous bundle RDS. 

By |121 Chapter III], the mapping u i-}- £^ is measurable with respect to the 
Borel (T-algebra induced by the Hausdorff topology on the hyperspace 2"^ of all 
non-empty compact subsets of X, and the distance function d{x,£aj) is measurable 
in UJ € Q for each x € X. 

Among interesting examples of continuous bundle RDSs are random sub-shifts. 

In the case where G = Z, these are treated in detail in [TUl UTJ We present 
a brief recall of some of their properties. 

Let {n,T,P) be a complete probability space and ■& : (^2, J',P) 

an invertible measure-preserving transformation. Set X = {{xi : i G Z) : Xi G 
N U {-l-oo}, i G Z} equipped with the metric 

d((x, : ^ G Z), (y, : * G Z)) = ^N^' - V^'l 

iez 

and let F : X ^> X be the translation {xi : z G Z) i-> (xi+i : i G Z). Then the 
integer group Z acts on O x X measurably with (w, a;) 1— >■ (i?'w, F*a;) for each i G Z. 
Now let £ G -F X Bx be an invariant subset of O x X (under the Z-action) such that 
7^ i^oj ^ is compact for P-a.e. w G fi. This defines a continuous bundle RDS 
where, for P-a.e. w G fi, F;^^ is just the restriction of F' over for each i G Z. 

A very special case is when the subset £ is given as follows. Let fc be a random 
N-valued random variable satisfying 

< / logfc(w)fiP(a;) < +00, 

and, forP-a.c. to eQ, and let be a random matrix (mij^Lj) : i = 1, • • ■ ,k(uj),j 

= 1, • • • , k{'dLj)) with entries and 1. Then the random variable k and the random 
matrix M generate a random sub-shift of finite type, where 

£ = {(w, {xi : i eZ)) : UJ en,! < Xi < k{'0'uj),ma:^^x,^, {■d'uj) = 1, i G Z}. 

It is not hard to see that this is a continuous bundle RDS. 

There are many other interesting examples of continuous bundle RDSs coming 
from smooth ergodic theory, see for example [321 HI] , where one considers not only 
the action of the group Z on a compact metric state space but also the semigroup 
Z-|_ on a Polish state space. (Recall that a Polish space is a complete separable 
metric space). 

Let M be a G°° compact connected Riemannian manifold without boundary and 
G'"(M, M),r G Z+Uj+oo} the space of all C maps from M into itself endowed with 
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the usual C" topology and the Borcl a-algebra. As above, {il, T ^ P) is a complete 
probability space and -d : {n,J-,F) (il, J^, P) is an invertible measure-preserving 
transformation. Now let F : 17 C^{M,M) be a measurable map and define the 
family of the randomly composed maps Fn.uj, n S Z or to € Q as follows: 

{F{i9''-^uj)o---oF{i9u})oF{u}), ifn>0 
id, if n = , 

F(i?"a;)-i o . • • o o if n < 

here Fn,uj,n < is defined when F{lu) G DifT (M) for P-a.e. u <E il. In the case of 
r = we may replace M with a compact metric space. 

Henceforth, we will fix the family F = {Fg,^ : £^ — > £gcj\g e G,a; £ fi} to be a 
continuous bundle RDS over {ft, F, P, G) with a compact metric space {X, d) as its 
state space. 

As discussed in one can introduce Cg, and other related notations. More- 
over, for S* C f , if for P-a.e. G f2 all fibers S^^ C are open or closed, then S is 
called an open or a closed random set. Denote by Cg the set of all elements from 
Cf consisting of subsets of open random sets. Similarly, we can introduce Cx, Px, 
and other related notations. Moreover, for ^ G Co and W G Cx, we introduce 
the notation 

X W)£ = {{C xW)f^E -.C ei,W eW} eCs. 

In special cases, wc will write (fi x W)e — {{^} x and x X)£ ~ x {X})£. 

Denote by 'Pp{il x X) the space of all probability measures on fi x X having 
the marginal P on Every such a probability measure ^ has the property that 
^l{A x X) = P{A) for each AeF. Put Pp{£) = G Vp{n x X) : n{£) ^ 1}. 

Recall that a topological space is a-compact if it can be represented as a union 
of countably many compact subspaces. 

For preparations, we need |261 Theorem 1]. 

Lemma 4.1. Let (ri,J-", P) be a complete probability space and X a a-compact 
Hausdorff space with tt : $7 x A" — >■ $7 the natural projection. If A G F x Bx then 
there exists a measurable map p : 17 — > A .such that (uj,p{uj)) G Afar eachu G Tr{A). 

Before proceeding, we also need the following result which is just a re-statement 
of [121 Theorem III. 23]. We will use this often in the sequel. 

Lemma 4.2. Let (r,7~) be a measurable space and X a Polish space with tt : 
r X A F the natural projection. Then 7r(A) G T for each A £ F x Bx. 

The following result is well known, but wc were not able to find a suitable proof 
in the literature. We include here a proof for completeness. 

Proposition 4.3. Pp{£) ^ 0. 

Proof. Observe that £ <E F x Bx and £^ ^% for P-a.e. a; G O, By Lemma |4?11 there 
exists a measurable map p : Q, X such that (a;, pa;) G £ for P-a.c. w G 17. Now 
we introduce pi over F x Bx as follows: 

H{C) = P(7r(C n Gp)) for each G eFxBx, 

where TT : 17xA i7is the natural projection and Gp = {{uj,puj) : G 17} G FxBx 
(as p : 17 — >• A is measurable). By Lemma 221 is well defined. Moreover, it is not 
hard to check that /i is a probability measure over J^x and fi{£) = 1, ^{A x A) = 
P(A) for each AeF. That is, n G Ppi£). Thus Pp{£) □ 
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Let Ts, be the cr-algebra of all sets of the form (A x X) n A e J^. Note that 
each [1 e VriS) can be disintegrated as 

d^{uj,x) = d^u)(x)dF{u!), 

where /ii^ , w £ are regular conditional probability measures with respect to the 
(T-algebra J-£, that is, for P-a.e. w £ 17, /i^j is a Borel probability measure on £^ 
and, for any measurable subset i? C f , 

(4.1) Hu:{R^) ^ ^l{R\J'£){0J) 

where Ru ~ {x ^ X : (w,a;) G R). It follows that 

(4.2) ^l{K)= f ii^{R^)dF{u). 

For details see [Ml Section 10.2]. 

Let n e VpiS),a G P£,U G C^. Then 

(4.3) H,{a\T£) = - f Y.fiiA\T£){u;) log fi{A\J^£){uj)dF{u;) 

(4.4) = / i/^Ja„)dP(c^) (using dSI)), 

here, a^^ — {A^ : A G a} is a partition of £uj. In fact, by Lemma |3. 151 wc have 



(4.5) H^{U\T£)^ H^^{U^)dF{uo) 



Observe that, as in Remark I3.17[ the assumption that is a Lebesgue space in 
Lemma 13.151 is not essential, as in our setting we always have the disintegration 
d/x(w,x) = d^jLi^{x)dF{uj) of ^ G Pr{S) over Tg. Hence we can still obtain the 
equality (|4.5p . Note that for each F G Tg and for any w G fi, one has 

(4.6) (Uf)^ ^ V (g-'U)^ = V = V ^9-^9-^9"' 

g£F geF g€F 



and so, in view of (|4.5p . 

(4.7) H^(Uf\T£) = I H^\\I Fg-^„Mgu I dF{u). 



Moreover, for any w G O, denote by NiU, uj) the minimal cardinality of a sub-family 
of Uuj covering E^^ (i.e. the minimal cardinality of a sub- family of U covering S^^), 
it is easy to check H^j^^{Ui^) < logiV(iY,w). 
Then we have: 

Proposition 4.4. Let U G C^-. Then N{U,U!) is measurable in ui G ft, and 
(4.8) Hf^iUlTe) < [ \ogN{U,uj)dPiio). 



Proof. We will call tt : £ — > to be the natural projection. 

Let n G N. Then N{U,ll!) < n if and only if there exists Ui, - ■ ■ ,Un from U such 

n n 

that £ui Q [J Ui. Equivalently, oj ^ 7r(i?\ IJ Ui). Observe that for given Ui, - ■ ■ ,Un 

i=\ i=\ 
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the subset 7r(i? \ IJ Ui) is measurable from Lemma [4.21 From this it is easy to see 
that N{U, Lu) is measurable in u e ft, and hence we obtain the inequality (|4.8p . □ 

Note that C (J^ x Bx) H f is a G-invariant sub-cr-algcbra. It is not hard to 
check that, for fi 6 T']p{£), fi is G-invariant if and only if Fg^^fi^^ = /ig^ for P-a.e. 
u! ^ il and each g G G, here Fg^^jf^ui') is given by ^i^{F~^9). (Observe that G 
acts naturally over £). Denote by ■Pp(f , G) the set of all G-invariant elements from 
■Pp(f). Just as the case of {ft,J-,V) being trivial, in general 7^p(f, G) 7^ 0. A 
possible argument may be carried out as follows. 

For each real- valued function f on £ which is measurable in {uj,x) £ £ and 
continuous in x 6 f (for each fixed a; G we set 



Denote by L^(f2, C{X)) the space of all such functions with ||/||i < +00, where we 
will identify two such functions / and g provided || / — .g||i =0. It is easy to check 
that (L^(r2, G(X)), || • ||i) becomes a Banach space. 

As we will see, the role of'L^{V,,C{X)) in the set-up of a continuous bundle RDS 
is just that of C{X) when we consider a topological G-action {X, G) (i.e. the group 
G acts on a compact metric space X). 

We will introduce a weak star topology in 'Pp{£) as follows. Let fi, £ 'Pr{£), n G 
N. Then the sequence : n € N} converges to /x in Vp{£) if and only if the se- 
quence {J^ fdfjLn : n S N} converges to fdji for each / G ^\{^, C{X)) (obviously, 
Jg fdjjLn and fdji are well-defined from the above definitions). 

It is known that Vr{£) is a non-empty compact space in this weak star topology, 
see for example [44l Lemma 2.1 (i)]. Moreover, by [Ml Theorem 5.6] one sees 
that Vv{£) is also a metric space. In fact, a compatible metric over Vv{£) was 
constructed in the proof of [HI Theorem 5.6]. 

As X is a compact metric space, V{X)^ the set of all Borel probability measures 
over X, equipped with the usual weak star topology, is also a compact metric 
space. Say / : 'P{X) x 'P{X) — >• R to be a compatible metric over V{X). Then 
a compatible metric p over Vr{£) can be given as follows. Let /x' G Vv{£) with 
dp,^{u!,x) = dfj,l;{x)dP{uj) the disintegration of p,^ over F£,i = 1,2. Observe that 
p.l,nl G ViX) for P-a.e. w G rj. Then 



Recall that a non-empty subset of a topological space is clopen if it is not only 
a closed subset but also an open subset. 

With the help of [2] Lemma 1.6.6], following the ideas from [331 Lemma 2.1] we 
have directly (for other variations of it see also the proof of [35l Lemma 3.4] or [48l 
Lemma 3.2]): 

Proposition 4.5. Let Vp{£) be equipped with the above-defined weak star topology. 
(1) Assume {vn ■ n G N} C 'Pr{£)- Then the set of limit points of the sequence 




sup \ f{uj,x) 





is non-empty and is contained in 'Pp{£,G). 
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(2) Assume that (fi, J^, P) is a Lebesgue space. Let ; n G N} he a sequence 
in 'Pp{£) converging to ji E 'Pv{£) with dfi{LO,x) = dfiuj{x)c[P{uj) the disin- 
tegration of II over J-£ . If a Cz Pf satisfies that oi^ is a clopen partition of 
£aj (i-s- each element of a^j is clopen) for P-a.e. a; g f2, then 

linisupi7^„(a|j£:) < H^{a\T£). 

n— f oo 

Remark 4.6. We should observe that if fJ, € Vp{£^G) is ergodic then (fi, J^, P, G) 
is also ergodic. In other words, once (VL, J- , P, G) is not ergodic then each element 
from Vp^S, G) is also not ergodic. 

From now on, the topological space 'Pp{£) (and its subspace Vv{£, G)) is assumed 
to be equipped with the above weak star topology if there are no indications to the 
contrary. 

Now let /i G Vp{£, G). Observe that J^f C (7^ x Bx) H f is a G-invariant sub-cr- 
algebra, so we can introduce the fi-fiber entropy o/F with respect to lA and ^, +-fiber 
entropy of F with respect to lA, respectively, by 

/iM(F,W) = /v(G,W|J-£) and /i^^^F'^) = KAGM^e)- 

Thus /ij[^(F,i^) > /i|r'(F,W). We define the ^i-fiher entropy ofF as 

/i|:)(F)= sup /iW(F,a). 

From the definitions we have directly h^il\F) = h^{G,£\J'£). 
By Theorem 13.31 and Proposition 13. 101 one has: 

Proposition 4.7. Let fj, G 'Pp{£, G). If (f2, J", P) is a Lebesgue space then {£, {T x 
Bx) n f is also a Lebesgue space and so 

(1) li-^^^iFM) = h'-^\F,U) for each U eCg. 

(2) h^{G,£)^hi'\F) + hp{G,n). 

The following observation will be used below. 

Lemma 4.8. Let fi G Vri£, G). 

(1) If ai,a2 G Pf satisfy (ai)^ y (0(2)0! /or P-a.e. u> G fl then iJ^i(Q!i | J^^) > 

H^{a2\T£) and hl^^F^ai) > hi^\F,a2). 

(2) If a G Pg and U G Cg satisfy a^j ^ Uu for P-a.e. w G O then there 
exists a' G Pg such that a' >z lA and a'^ = a^^ for P-a.e. uj £ VL, and so 
H^{a\Te) = H^{a'\Fe) > H^{U\Fe). 

(3) If U1M2 e Ce satisfy [Ui)^ h (1/2)0^ for P-a.e. w e fl then h''^^^{F,Ui) > 
h^;l{FM2) and h'';\F,Ui) > 4'^(F,W2). 

(4) IfUi,U2 G Cs satisfy (Ui)^ = {U2)uj for P-a.e. uj e n then h^^'^^{FMi) = 
h'~^\{FM2) and h^^\F,Ui) = h^^\FM2)- 

Proof. ([T|) Say dfi{uj, x) = dfii^{x)dP{uj) to be the disintegration of fi over J-£, then 
by (j4.4p one has 

(4.9) H,,{a,\J^£) = f H^^{{ai)^)dF{cj) > [ H^,_^{{a2)^)dF{uj) = H^{a2\T£). 
Jn Jn 
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Note that, if G J- a, for (ai)^, {a2)F G Pf, by assumptions one has ((q;i)f)w ^ 
{{oi2)f)lo for P-a.e. w e and so as in (|4.9p one has i?p((ai)F|-7^£) > H^{{a2)F\y^£), 
which impHes that /i^'^^(F,ai) > /i|r^(F,a2). 

([2]) Without loss of generahty, we may assume that a^j >l for each w G il. 
We define tt : x X — > to be the natural projection and a = {Ai, • • • , An},U = 
{C/i,-- - ,Um},n,m e N. Set 

r!,j = {t^ e r! : ^ (AO.. C ([/,)„} 

for all i = 1, - ■ • , n and j — 1^ • ■ ■ , m. By assumption, 

n rn n 
*=1 J = l Jl,--- Jn6{l,--- ,m} i=l 

In fact, J = 7r(Ai) \ Tr{Ai \ Uj) and so by Lemma one has flij E J-", thus there 

n 

exists j„ : ji, • • • , j« € {1, • • • ,m}} e Po such that ^*^^... Q f] for 

2 — 1 

all ji, • • • , j„ G {1, • ■ ■ I "?,}. Now set 

a' = {(17*^ X X) n A, : i = 1, • ■• • ■ • , j„ G {1, • • ■ ,m}}. 

We claim that a' has the required property and hence using the definitions and 
dl]) we obtain 

From the construction of a', it is clear that a' G Pf: and a'^ ~ for each w e f7. 
Moreover, if B is an atom of a', say B = (17*^ ... x X) n A^, then B C [7,^,, as 

n 

and so 

B = e As : w G 

C {{oj,x) E As : UJ eVls,j^} 

C G C/j^ : uj £ ri^jj C Uj^, 

which proves that a' >U. 

(O follows from ^ and (g]) follows from ([3]). □ 

Remark 4.9. 5?/ f/ie construction of a' in the proof of Proposition \4.8\ ^ , we may 
take a' to he of the form x X)^ V a for some ^ G Pn- 

As a direct corollary, we have: 

Proposition 4.10. Let ^jl G Vr{,£, G). 

(1) IfW&Cn then h^;,\{Y, (W x X)e) = h^;^\{¥, x X)e) = 0. 

(2) //^ e Po and V G Cx </ien 

inf /j(:)(F, (f7 X > h^;^4F, [Q x V)^) = h^^^^F, x V)^). 

(3) Assume that 14 G Cs has the form Li ~ {(f^^ x BiY : i ~ 1, ■ ■ ■ Tn},n G 

n 

N \ {1} with G J" and B^ G 6x /or each i = !,■■■ ,n. IfF{f]n,)^0 
then h^i^\{¥M) = 0. 
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Proof. We only need check U U e Cs has the form U = {(fij x BiY : i = 
I,-- - ,n},n G N\{1} with fli E and Bi G Bx for each i = I,-- - ,n and 

n 

P( n n,) = 0. Obviously, W* = • • • , x X)^ G satisfies W* h U (in 

the sense of /i). Thus (using ([T])) 

o<;i(';i(F,z^)</j(,';V(F,w*) = o. 

This completes the proof of ([3]) . □ 

The main result of this section is: 
Theorem 4.11. Let fi G Vr{£-,G). Then 

/iM(F) = sup /iW(F,W)= sup /^(^^(F,^^) 

= sup /i(,'''(F,W) = sup h^'^\{YM) 
uec° uec° 

= sup /iW(F, {n X V)f ) = sup hl^liF, {n X V)f) 

VeCx VGCx 

= sup /iW(F, {n X V)£) = sup hl%{F, {n X V)£). 

Proof. By the definitions, we only need to prove 

(4.10) h[^\F)^ sup /i(:)(F,(17xa)£) 

and, for each /3 G Pjc, 

(4.11) /iW(F, (f! X /3)£) < sup /iW(F, (f! x V)^). 

veci 

Observe that, for convenience, /i may be viewed as a probability measure over 
X X,T X Bx) and so {Q x X,T x Bx,fJ', G) may be viewed as an MDS defined 
up to ^-nuU sets. 

Let us first prove (|4.10p . Recall that F x Bx is the sub-cr-algebra generated by 
A X B,A £ T and B G Bx^ and note that F x {X} C T x Bx is a G-invariant 
sub-cr-algebra. By Proposition [XT] ©i 

(4.12) h^{G,n X X\J- X {X}) ^ sup sup h^{G,^ X a\J- X {X}). 

fePn qGPx 

Furthermore, it is easy to check that 

(4.13) hf,{G,n X X\I- X {X}) = h^i];\F). 

Now d^{uj,x) = dfiaj{x)d¥{uj) may also be viewed as the disintegration of ^ over 
x {X}, and hence, whenever ^ G Pn,Q! G Px, one has (using reasoning similar 
to (IT7D ). 

1 



/i^(G, ^xa\Tx {X}) = lim —H^{{^ x a)p,^ \T x {X}) 



dP(a;) 



(4.14) = \\m -^H^{{{nxa)£)FjJ'£)^hl^HF,{nxa)e). 
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Then (|4J0l) follows obviously from (|4J2l) . (j4l^ and (|4J4l) . 
Now we turn to the proof of (|4.1ip . 

Let P G Pjf, e > and say /3 = • ■ • , i?n}, 6 N. Observe that there exists 

n 

(5 > such that if ^ = {Ci, • • • , C„} 6 satisfies x S,) n^AC,) < (5 then 

1=1 

i/^((r!x/3)£|C)+if,.(C|(r!x/3)£) <e. 

Clearly for each i = 1, ■ • • , n there exists compact Ki C such that //(^i x (B^ \ 
K{)) <jj. Set W = {K,; U 1/ : i = 1, • • • , n}, where U = X\{KiVJ ■ ■ -yj K,,). Then 
G and /x(r2 x [/) < ^. Moreover, if 7 G Pf satisfies 7 ^ (O x W)^ then there 
exists T] = {^1, • ■ • , An} G Pf such that j rj and A; C £7 x (i^T^ U U) for each 
i = 1, • • ■ , n. Observe that by the selection of 77 one has il x Ki C Ai (up to /.i-nuU 
sets) and Ki C Bi C KiU U for each i ~ 1, - ■ ■ ,n, and so 

n 

fi{A^A{n X B,)) < nn{n xU) <5, 

1=1 

which implies 

H^an X /3)£|7) < H^an X /3)£|J7) < e. 
Now, for each F G if C £ satisfies C ^ ((^^ x 1^)£)f then gK^ ^ (fi x Z//)^ and 

H^iinxP)£\gC)<e 

for each g & F, thus 

i/^(((f7 X < H^iClTs) + H,,{{{n X P)£)f\0 

< H^{C\J'£) + Y,H,mxl3)£\gC) 

geF 

< H^{C\T£) + \F\e, 

which implies 

H^mn X P)£)f\J'£) < H^mn X U)£)f\F£) + \F\e. 

Last, for each m G N substituting F by Fm, dividing both hands by \Fm\ and then 
letting m tend to infinity we obtain 

/iW(F, {n X P)£) < /iW(F, in X U)£) + e. 

(|4.1ip follows easily from this. This completes the proof. □ 
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Part 2. Local Variational Principle for Fiber Topological Pressure 

In this part wc present and prove our main results. More precisely, given a 
continuous bundle random dynamical system associated to an infinite countable 
discrete amenable group action and a monotone sub-additive invariant family of 
random "continuous" functions, we introduce and discuss the local fiber topological 
pressure for a finite measurable cover, establish the associated variational principle 
which relates it to measure-theoretic entropy, under some necessary assumptions. 
We also discuss some special cases of the Theorem. 

5. Local fiber topological pressure 

In this section, given a continuous bundle random dynamical system associated to 
an infinite countable discrete amenable group action and a monotone sub-additive 
invariant family of random "continuous" functions, we introduce the concept of the 
local fiber topological pressure for a finite measurable cover and discuss some basic 
properties. Our discussion follows the ideas of [38 1 l63 l [74], 

Let / G Lg(r2, C(X)). / is called non-negative if for P-a.e. to G il, f{uj,x) is a 
non-negative function over Let D = {dp : F £ Fq} be a family in 'Lg{Vt, C{X)). 
We say that D is 

(1) non-negative if each element from D is non- negative; 

(2) sub-additive if for P-a.e. cj G fi, dEuFg{'-^,x) < dE{^,x) + dF{g{^jJ,x)) 
whenever E,F G Tq and g G G satisfy E n Fg = $ and x e f^^; 

(3) G-invariant if for P-a.e. w G fi, dpg{uj,x) = dF{g{uJ,x)) whenever F G 
J"g, g & G and x G 8^; 

(4) monotone if for P-a.e. lu E D,, dE{i-o,x) < dpi^^ix) whenever E,F E J-q 
satisfy E C F and x e Suj- 

For example, for each / G Lg(il, G{X)), it is easy to check that 

is a sub-additive G-invariant family in Lg(r2, C{X)). Observe that in Lg(r2, G{X)) 
not every sub-additive G-invariant family is in this form, in fact, if / G Lg (il, G {X)) 
then the following family is also sub-additive and G-invariant: 

{dpioj, x) = Y^ figi^^ ^)) + ^AF\ -FeTa}^ Llin, C{X)). 

geF 

Similarly we can introduce these families in L^(il,7^, P). 
It is easy to check that: 

Proposition 5.1. Let D = {dp '■ F G J^g} ^ Lg(r2,G(X)) be a sub-additive 
G-invariant family and /i G Pp{£, G). Then, for the function 

f:TG^^,F^ j dF{io,x)dii{uj,x), 

f{Eg) = f{E) and f{EUF) < f{E) + f{F) whenever g e G and E,F (E Tq satisfy 
E n F = 0. Moreover, if D is monotone then D is non-negative, and so f is a 
monotone non-negative sub-additive G-invariant function. 

A similar conclusion also holds if the family belongs to J-", P). 
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Proof. Wc only need check that if D is monotone, then D is non-negative. In fact, 
this foUows directly from the assumptions of sub-additivity and monotonicity. 

Let F G J-'g- Then for each E G J^J satisfying E D F = hy the assumptions 
of sub-additivity and monotonicity over D we have: for P-a.e. cj £ $7, 

dEiuJ,x) < dEuF{i-^,x) < dE{u},x) +dFiu},x), 

and so dpi^^i a;) > for each x G £i^. This finishes our proof. □ 

Let D = {dp : F G J-q} Q L£.(il,C(X)) be a sub-additive G-invariant family 
and U G . For each F G Tq and any w G we set 

P£{iu,n,F,U,F) 

= inf J sup e'*^^"'^) : a{uj) G P£„,a(a;) h {Up) 

(5.1) = inf J «^iP e''^^"'"^ ■ € ^ V Pg-'-g^^au, 

where P^^ is introduced as in previous sections and (|5.1I) follows from (|4.6p . 
In fact, it is easy to obtain an alternative expression for P£{uj, D, F,U, F) viz: 



(5.2) P£{uj,T>,F,U,F) =inf i ^ sup e' 

To see this, for a{Ld) G Pf^ with Q;(a;) >z {Up)ui, define 

/3 = {{oj} xA:Ae a{oj)} U {U \ {{u} x : U e V{Up)}. 

Then it is clear that /? G Pf (since the probability space (ri,J^, P) is complete). 
Further, {3^ = a[uj),l3 >z Up (as a(w) t {Up)^ and 7'(Z^f) ^ Up). 
Before proceeding, we need: 

Lemma 5.2. Let U £ and u e fi. Then P{U^) ^ {a^ : a e PiU)}. 

Proof. Say U = {Ui,-- - , C/„}, n G N. Then = {(C/i)„, • • • , (C/„)^}. Now for 
each s = (si,-- - , s„) G {0,1}" we set Us ~ f] Ui{si), where Ui{0) ~ Ui and 



Ui{l) = Uf. Then V{U) = {Us : s & {0, 1}"}. From this wc obtain V{U)^ = V{U^), 
as {Us)uj = (p{uj)s (where {Ui^)s is introduced similarly) for each s G {0, 1}". 

By the above discussions it is simple to prove P{U^) D {a^ : a G ViU)}. Now 
we prove the other direction. That is, let /3(a;) G ViUtS), we find some j3' G P(W) 
such that = 

Suppose /3(a;) = {Si, • • • , Sm}, m G N with each 7^ 0, i = 1, • • ■ , m, and set 
6 = {s = (si, • • • , s„) G {0, ir : (W.)^ 7^ 0}, 
&j = {s = (si, ■ • ■ ,s„) G {0, 1}" : ^ (W,,)^ C B,}, j = 1, • • ■ ,m. 
As /3(w) G P(W<^), obviously &i n ©j = if 1 < t 7^ j < m and 

m 

(5.3) U ®J = ® U = ^J'-^' = 1, • • • , 
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Now put 13' = {Us:se {0, 1}" \ 6} U {B[, • • • , B'^}, where 

B'^ = y Us, J = !,■■■ ,m. 

Obviously, eP£,r{U)h P' and (using (lOl) ) 

P'u = {{B[)^. ■ • • , {BD^} = {Bi, ■■■ , B„,} = /3{lo). 

To finish the proof, we only need to check that (3' >zU. In fact, for j = 1, • • • , 
if Bj C Ui for some j = 1, • • • , n, then, for each s ~ (si, • ■ • , s„) £ ©j, 

0^w, nc/, cc/,(s,)nc/, 

and so Si = 0. This implies 

Us C [/,(s,) = [/, 

and hence B'^ C C/j. That is, 13' -^U. □ 
We have alternative formula for P£{oj, D, F). 

Proposition 5.3. Let D = {dp : F e J^?} ^ Lg(f7,C(X)) 6e a sub-additive 
G-invariant family and U G Cg , _F G J-g, w G fi. Then 

{5A) P£{^,-D,F,U,F) = minJ ^ sup e'*^^"'") : a(cj) G P((Wf)c.) 



min J V sup e'*^^"'^) : a G P(Z^f) i 



(5.5) 

Proof. Note that (|5.5p follows directly from Lemma 15.21 and (|5.4p . Thus we only 
need prove ()5.4p . We should point out that dF{ui,x) is continuous in a; G f^; and 
{Uf)lj & Cf^ (where Cf^ is introduced as in previous sections). The proof will 
therefore be finished if we can prove that if / is a continuous function over f ^ and 
W G Cf^ then 

(5.6) inf y^supe-^^^^= min sup e-^^^\ 

where again P(yV) is introduced as in previous discussions. However, this is just 
a basic fact which is not hard to obtain, and we omit its proof (for details see for 
example the proof of [351 Lemma 2.1]). This establishes (|5.4p and so finishes our 
proof. □ 

Thus: 

Proposition 5.4. Let D = {dp ■ F G J^g} ^ L^{^l,C(X)) be a sub-additive 
G-invariant family and U G Cg. Then 

(1) for each F G J-q, the function Pg^u^'D, F,U,F) is measurable in uj G fl. 

(2) {log P£{uj,T), F,U,F) : F G J'g} ^ sub-additive G-invariant family in 
L^{n,F,V). 

(3) for the function p : Fg ^ F ^ J^^log Pg^uj,!), F,U,F)dF{uj) , one has 
p{Eg) = p{E) and p{E U i^) < p{E) + p{F) whenever E,F G Fg and 
g € G satisfy EC]F = moreover, ifT) is monotone then p is a monotone 
non-negative G-invariant sub-additive function. 



34 



A. H. Doolcy and G. H. Zhang 



Proof. ^ Let F E Fg- By (|5.5p . to prove the conclusion, we only need prove 
that sup e'^'''^^'^^ is measurable in w G for each A G (J-" x Bx) H £. In fact, let 

A E {F X Bx) n £ and say tt : £ — to be the natural projection, then 
{cj G 17 : sup e'''=-("'^) > r} = 7r({(u;, x) G A : e'*^^"'^) > r}) 

for each r G M, and so, by Lemma W?]\ 

{ueVL: sup e'^^f"'^) > r} 

is measurable, which implies that sup e'*^'-"'^^ is measurable in w G SI. 

^ Let F G Jb, .g e G satisfy S n Fg = and w G f7. Then by one has 
e-ll'ii^MIU < Pi.[uj,'D,E,U,Y) 

= inf < ^ sup e^^^('^'^) : a >r W^; i < I^bIcH'^^^")!!-, 

which implies log Pe{uj, D, E, U, F) G [Q, F, P) (by the definition of L^(r2, C(X))). 
Moreover, by the G-invariance of the family D one has that, for P-a.e. w G il, 

P£{uj,D,Fg,U,F) = inf i V sup e''^''^"'^) -.ahUpg} (using (jOD ) 
= inf J V sup e'^^^s^"'^)) : >r Wf i 

(5.7) = inf \ J2 sup e'*^(5'^'^) : a ^ i = Psig^^, D, F), 

which implies the G-invariance of logP£(w,D,F,iY,F). Last, by the sub-additivity 
of the family D and the G-invariance of log P£(a;, D, F, Z//, F), one has that, for 
P-a.e. w G rj, 

P£{uj,n,EU Fg,U,F) 
= inf < V sup e''^-'=-«("'"^) : a h UeuFb \ (using JSJ)) 

< inf J sup e''^('^'^)+''^(9("'^» ■a^UE.P'^ Upg 

< inf \ sup e'^^^'^'^) sup e''^(^'("'^» : a >r We,/? ^ Z^Fg 
= inf J ^ sup e''^^"-^) : a ^ Wf I inf i ^ sup 



?(g(w,a:)) 



/3 ^ ^Fg 



P£(tj,D,F,W,F)P£(ga;,D,F,W,F) (using (ED) and (IST)) ) 



which implies the sub-additivity. 

([3|) follows directly from Proposition 15.11 and ([2]). □ 
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Let D = {dp '■ F £ J^g} ^ Lg(ri, C{X)) be a monotone sub-additive G-invariant 
family and U G Cg . Then by Proposition l2 . 21 and Proposition l5.4l we define the fiber 
topological D -pressure of F with respect to U and the fiber topological T) -pressure 
ofF, respectively, by 

P£(DM,F)= lim f log P£{Lu,B,Fn,U,F)clF{Lu) 



and 



F£(D,F)= sup Ps{-D,{nxV)£,F). 
vec° 



Obviously, is a monotone sub-additive G-invariant family. It is direet to cheek 

PEiLU,-D",F,U,F)^N{UF,Lo) 
whenever uj £ n and F G J-q, and so one has 

(5.8) Pe(B°,U,F) = lim ^ / logN{Up^,uj)dF{u), 

which is called the fiber topological entropy of F with respect to U (also denoted 

'top^ 



by /i[qp(F,Z//)). Moreover, P£(D°,F) is called the fiber topological entropy of F 



(also denoted by h[^}p{F)). Remark that by Proposition 12.21 the values of all these 
invariants are independent of the selection of the F0lner sequence {Fn : n G N}. 

Before proceeding, recall [TH Lemma 2.1] (the only difference is that each of 
Pi , • ■ • ,pk rnay take value of here) . 

fc 

Lemma 5.5. Let ai,pi,- ■ ■ ,ak,Pk with pi,- ■ ■ ,pk >0 and Pi = p. Then 

1=1 



^p^ia, - logp,) < plog(^e°') -plogj 



The identity holds if and only if pi = — for each i = I, ■ ■ ■ ,k. In particular, 

3 = 1 

k 

-pi log Pi < p log fc - p log p. 

i=l 

It is not too hard to see: 

Proposition 5.6. Let D = {dp ■ F G J'g} ^ Lg(r2,G(X)) be a sub-additive 
G-invariant family, U G Cf and fi G Pp{£,G) with dfi{LU,x) = d^,i^{x)c[P{uj) the 
disintegration of fi over Ts ■ 

(1) Let Cl) G O. // is a Borel probability measure over £i^, then, for each 

FeTo, 

H,^{{Uf)u)+ dF{uj,x)dv^{x) <\ogP£{Lo,T>,FM,F)- 

(2) //D is monotone then P£{'D,U,F) > h'l[\F,U) +m(D), where 

/x(D) = lim -j— — / dp {uj , x)dfi{uj , x) > 0, 
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observe that by Proposition \2.2\ and Proposition |5.^| the limit must exist 
(and its value is independent of the selection of the F0lner sequence {Fn ■ 
n G N}), and so P£-(D,F) > h'-^\F) + ^(D) (using Theorem In 
particular, 

h[:liF,U) > h[:\F,U) and h^;,l{F) > ;^W(F). 
Proof. ^ 111 fact, using Lemma ISTSl one has 
\ogP£{Lo,-D,F,U,F) 



inf log <j J2 e'^^('^'^) : a(a;) £ P£^,a{io) h {Uf) 

Vu,{A{uj))\ sup dpiuj.x) -\ogVu,{A{ijj))\ 

;)GQ(cd) \ ^ ' / 



> inf 



> inf < / dF{uj,x)dv^{x) + H„^{a{uj)) 



= H^^{{Uf)uj) + J dF{uJ,x)dv^{x). 

([2]) follows from ([T]) and the definitions. □ 

Observe that if D = {dp '■ F g Tq} ^ L^(f2, C{X)) is a monotone sub-additive 
G-invariant family then it is not hard to check that the family 

{ sup dF{io,x) = ||dF(w)||oo : e ^} C L\n,T,P) 

is also monotone sub-additive and G-invariant. Hence we may define 

supp(D) — lim j^— / sup dF{u!,x)dF{LL>) > ^^(D)- 

Remark that by Proposition 12.21 and Proposition 15. 4[ the limit is well-defined and 
its value is independent of the selection of the F0lner sequence {F„ : n G N}. 
From the definition, it is easy to see: 

Lemma 5.7. Let D = {dp ■ F G J^g} ^ Lg(fi,G(X)) be a monotone sub-additive 
G-invariant family and fi G T'p{£). Then 

SMj'p(D) > limsup — — f dF„{i^,x)diJ.{u},x). 

n->-oo l-t'nl Js 

As in Lemma and Proposition 14. 10[ one has: 

Proposition 5.8. Let D = {dp ■ F G J-q} ^ Lg(f2,G(X)) be a sub-additive 
G-invariant family and U,Ui,U2 G Cg. 

(1) Let Lu E fl and F G J-q- Then 

sup e'^^f'^'^) < Pi:{uj,-D,F,U,F) < N{Up,oj) sup e''^^"^^^ 

(2) // {Ui)u, h {U2)u for P-a.e. uj en, then 

log P£{Lo,Ti,F,Ui,F)> log P£{uj,-D,F,U2, F) 
for P-a.e. uj E fl and each F G J-q- 
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(3) // {Ui)^ = (^2)^ for P-a.e. w e n, then 

log (w, D, F, , F) = log P£{uj,-D,F,U2, F) 

for P-a.e. G 51 anrf eac/i F G Tg- 

(4) // D is monotone then, for P-a.e. w G and each F G J-q, 

g||rfF(a;)||oo < P£(a;,D,F,iY,F) < Ar(Wj.,w)ell'''=-('^)ll'», 
and hence 

swRp(D) < P£(D,W,F) < /i^(F,i^) + sKpp(D). 

(5) Assume thatU is in the form ofU = {(il; 'xBiY : « = 1, • • • £ N\{1} 

n 

with ^li G J-" anrf Bi G /or eac/i z = 1, • • • , n. // P( p| 17^) = then 

i=l 

/i(Qp(F,^/) = 0, and so if, additionally, D is monotone, then 

As a direct corollary, we have: 

Corollary 5.9. Let D = {dp ■ F G Jy;} ^ Lg(ri,C(X)) &e a monotone sub- 
additive G-invariant family. Then 

P£(D,F)= sup P£(D,(ex V)£,F). 

Question 5.10. Let D = {di? : F G Jy;} ^ L^(f2,C(X)) 6e a monotone sub- 
additive G-invariant family. Do we have 

P£(D,F) = sup P£(D,W,F)? 

uec° 

Observe that if, additionally, VL is a compact metric space with T ~ Bn and lA G 
^nxX' *^ ""^^ hard to find W G Cjj and V G C^- with W x V >r Z//, and hence 
^ X V ^ W /or some ^ G Pn, thus, using Corollarv \5.9\ one has 

P£(D,F)= sup P£(D,W,F). 

Here, we denote by Cg° i/ie set of allUPi£,U G C^j^^. ('/t is clear that Cg° C C°^). 

6. Factor excellent and good covers 

In this section we introduce and discuss the concept of factor excellent and good 
covers which are one of two necessary assumptions in our main result Theorem 1 7. II 
As shown by Theorem 16.91 and Theorem l6.101 many interesting covers are included 
in this special class of finite measurable covers. 

Recall that a topological space is zero- dimensional if it has a topological base 
consisting of clopen subsets. Observe that, for a zcro-dimensional compact metric 
space, the set of all clopen subsets is countable. 

Let U G Cf. Say = {C/i,--- ,Un},N N. Set 

Pw = {{^i,--- ,AAr} GPe : A, C U,,i = I,--- ,N]. 
Before proceeding, we shall state a well-known fact. 
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Lemma 6.1. Let Z he a zero- dimensional compact metric space and W £ C^- Set 

Pc(W) = e Pw : clopen}, 

where Pyy is introduced similarly. Then Pc ( W) is a countable family and, for each 
7 G PyV; if {Z, Bz, rj) is a probability space then 

We remark that the basic Lemma [6A] serves as an important bridge in the estab- 
hshment of the local entropy theory of Z-actions and more generally for a countable 
discrete amenable group action (that is, first we obtain results for a zero-dimensional 
dynamical system, then by virtue of Lemma 16.11 we may generalize them to the 
general case). 

Inspired by this, we introduce the following concepts which serve as one of the 
two essential assumptions in our main results presented later. 

Let U S Cg. lA is called excellent {good, respectively) if there exists a sequence 
{a„ : 71 e N} C Vu satisfying properties JT]) and ([2]) (properties (HJ and ([3]), 
respectively), where 

(1) for each n S N, (a„)(^ is a clopen partition of 8^ for P-a.e. w G il; 

(2) for each /3 G P^, if ^ e Vv{£) then 

inf [i/^(/3|a„ V Fe) + i7^(a„|/? V F^)] = 0, 

in fact, if say d^{uj,x) — d^^{x)d¥{uj) to be the disintegration of fi over 
Fs, then using (|3.ip and (|4.4p it is equivalent to 

inf / [Hf,^{/3^\{arX)+H^,J{ar,U^3^)]dV{Lu)^0. 

(3) for each ^ G Vp{£,G), h^^\{F,'U) = inf /ilr^(F, «„), equivalently, for each 

/3gPw, /ijT^F,/?) > inf /i{:'(F,a„). 

By Proposition 13. II (j4|) property of excellent is stronger than property of good. 
It is easy to check: 

Lemma 6.2. Let U G C|. // there exists W G C| such that W >: U, W is good 
and h''^\{YM') = /i^lU^'^) eac/i ^ G Vr{£, G). Then U is also good. 

We also have: 

Lemma 6.3. Let Ui,U2 G and W G J-. If both Ui and Ui are excellent then 
V ^2, n (VK X X) U ^2 n iW" x X) G eg and both of them are excellent. 

Proof Obviously, Ui V U2,Ui n (W^ x X) U W2 n x X) e C|. 

By assumption, for each i = 1, 2, there exists {a^ : n G N} C Pj^. satisfying 

(1) for each n G N, {al^)u: is a clopen partition of £^ for P-a.e. u e fl and 

(2) for each f3' G Pi^. and any ^ G Pp(f ), 

inf [-ff^(/3>; V Te) + if,.«|/3'' V Te)] = 0. 
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First we consider iYi VW2. For each ni,n2 G N set a„i,„2 = Va^j^, it is clear 
that a„j.„2 G C| and (a„j,„2)cj is a clopen partition of S,^ for P-a.e. w £ fi. Now 
let P e Pl/ivW2- Suppose that /3 = {Bu^jj^ C Ui D U2 : Ui e l(i,U2 E U2}. Set 

= { U ^c^i.f^^ • ^ = { U ^u^,U2 ■■ U2 e U2]. 

U2eU2 UieUi 

Then /3'' e P^,, i 1, 2 and /3 = V P^. Let G T'rlf). So 
inf [H^{P\an,,n2 V Is) + H^{a 

ni ,712 

ni ,712 £N 

= inf \H^{(3^ V V V J^f) + H^{al^^ V V /J^ V -Fe)] 

ni,n2^N 

< inf V V j-^) 

ni,n2eN 

by the construction of {ajj : n e N} C P^^. , i = 1, 2 one has 

^n-i ,712 

l/?v J-f)] = 0. 

That is, Ui V is excellent. 

Now let us consider U = Ui r\ [W x X) \JU2 r\ {W x X). 

For each ni,n2 G N set q;„^,„2 = a^^ n {W x X) U a^^ n (VF^ x X), obviously 
oini,n2 G and (q;„j^„2)i^ is ^ clopen partition of 6^^ for P-a.e. cj G fi. Let /3 G P^- 
It is easy to choose /3' G Pw, , i = 1, 2 such that /3 = /S^ n (M^ x X) U n [W x X). 
So if /i G 7^p(£), say dfi{u),x) = dfj,^{x)dF{uj) to be the disintegration of ^ over J^g, 
then by the construction of {a!^ : n G N} C Pj^. , i — 1^2 and p.ip . (|4.4p one has 

(6.1) inf / [i?^J(/3')„|K)„) + i/^^(«)J(/?%)]dPH = 0,z = l,2 

and (by the construction of Z?-*^, /3^, q;„j,„2 , ni, ri2 G N) 

Til ,712 

ni ,712 



inf / [H^^{(3^\{an,,n2)uj) + H^^{{an,.n2)uj\M]dF{uj) 
ni,7i2eNJ^-^ 

inf ( / [H,JPl\{alJ^) + H,J{al)^\pl)]dP{^) 

[^^M. 1 « ) + ( « 1/3' )] rfPM 
= (using (EH)). 

This means that U is excellent. □ 

Then we have the following important observation. 

Proposition 6.4. Assume that X is a zero-dimensional space and (fJ, J^, P) is a 
Lebesgue space. 

(1) If Po and V G C\ then (^ x V)^ is excellent. 

(2) IfU G eg is in the form of U = {{VLi x U,)" : i ^ I,- ■ ■ ,m},m (En\{l} 
with f2i G I for each i ~ I, ■ ■ ■ ,m and {?7f, • • • , G C^f, i/ien Z-/ is 
good, in fact, there exists lA' G C| suc/i that hi' >^ lA, W is excellent and 

h''^\{Y,U') = h^^\{¥,U) for each ^ieVv{E,G). 
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Proof. ^ First, we shall prove the Proposition in the case of ^ = {^}- 

As (ri, J", P) is a Lebesgue space, there exists an isomorphism (p : 
{Z, Z^p) between probability spaces, where Z is a zero-dimensional compact metric 
space and Z is the completion of Bz under p, i.e. there exist n* (£ T , Z* G Z and 
an invertible measure-preserving transformation tp : fl* ^ Z* such that P(r2*) = 
1 = p{Z*). In fact, it makes no difference to assume ft — fl* . 
Before proceeding, we prove 

Claim 6.5. Set : (17 x X, J" x Bx) ^ {Z* x X,Z* x Sx),(w,a;) ^ {^uj,x), 
where Z* is the restriction of Z over Z* . Then -0* is an invertible bi-measurable 
map. 

Proof of Claim [675[ Obviously, ip^^{C x D) = iIj~^{C) x D £ T x Bx whenever 
C € Z* and D e Bx- Whereas, {A £ Z* x Bx : e x Bx} is always 

a sub-(T-algebra of Z* x Bx, and Z* x Bx is the smallest tr-algebra containing all 
CxD,C € Z*,D € Bx, in other words, ip-'^{A) eTxBx whenever A G Z*xBx. 
This claims the measurability of : x X,T x Bx) {Z* x X,Z* x Bx)- 
Similarly, we can show the measurability of -07^. □ 

For each B £ Z x Bx, we set 

i?!/' = : {z,x) e B and z e Z*)}. 

In fact, B.,1, = ip^^iB n (Z* x X)), in particular, B^ e T x Bx- Moreover, if 
{il X X,TxBx, fJ-) is a probability space, set n^{B) = ^^{B^) for each B e Bzx Bx, 
which defines naturally a probability measure over (Z x X, Bz x Bx)- 
Now suppose that V = {Vi, ■■■ , Vn], G N and set 

Kin X V) = {{(Ai)v, n f , ■ • • , {An)4. n : • • ■ , Aat} g V,{Z x V)}. 

Observe that, Z x X is a zero-dimensional compact metric space, by Lemma |6. II 
'Pc{Z X V) is a countable family, and so P*(ri x V) is also a countable family. 

We shall show that P*(r2 x V) satisfies the required properties. 

First, by the construction, it is easy to see that, for each a G P*(r2 x V), 
ot G P(f2xV)£ and is a clopen partition of £^ for P-a.c. w G il. Now if /3 = 
{Bi, • ■ • , Bjv} G Pf satisfies Bi (1 Vl x Vi for each i = 1, • • • , A^, it is not hard to 
obtain some /?' = {B[,--- ,B'^} G Pzxx with ii*{Bi) ^ B[ C Z x for each 
i = 1, ■ • • , A^. For each ji G Vr{£), M ni^iy be viewed as a probability measure 
over (il X AT, X Bx), and so by Lemma l6.ll for each e > there exists a' = 
{^1, • ■ • , An} G Pc(^ X V) with 

H^^{a'\P') + H^^{p'\a')<e. 

Set a = {A,^r\£ : A G a'} G P*(r2 x V). As fj,{£) = 1, by the constructions it is easy 
to check ^ /i^(B^), /i((A,).0n£) ^ ^^Ui) and fi{{A,)^^,r\£r\Bj) = n^,{A,r\B'-) 
for alH, j = 1, • • • , A^ and so 

H^{a\pyT£) + H^{p\aWT£) 

< H^{a\(3)+H^[f3\a) = i/^,. + H^^{P'\a') < e. 

This finishes the proof in the case of ^ ~ {^}- 

Now we shall prove the Proposition for a general ^ G Pn- In fact. 



(?xV)£ = (^xX)£V(17xV)£. 



local entropy theory of a random dynamical system 



41 



Now from the definition it follows that x X)£ E is excellent (as P(^xX)£ = 
{{£_ X X)£}) and by the above arguments (fJ x V)^ e is excellent, thus using 
Lemma [6731 one obtains that x V)^ is also excellent. 

^ Obviously, in there exists disjoint Jl'^ C = I,-- - ,m with IJ 51'^ = 

i=l 

m rn m 

U ni Now set fio = f7 \ U = n and 

i—1 'i—1 

W = {{n'^ X X) n£: : i = i,-- - ,m} U {{Qq xU^)n£ ■.i = l,--- ,m}. 
It is easy to see W G C| and U' >z U. In fact. = Z//^ for P-a.c. w G and so by 

Lemma SH one has that h''^\{Y,U') = h^^^+{^M) for each i^ier{£,G). 

Now with the help of Lemma \6l2\ we shall finish our proof by showing that U' is 
excellent. In fact, suppose that ^ ~ {n[ : i = 1, - ■ ■ , m} U {flo} £ Po- Then 

W = X x)£ n (r2§ X x)u{Qx v)£ n (fio x x), 

where V = {C/f , • • • , U^J, observe that by ^ one has that x X)£, {fl x V)£ G 
are both excellent, and so using Lemma [6731 we claim that U' is excellent. □ 

For each i = 1, 2, let be a compact metric space with £i G T x Bxi and the 
family = {{Fi)g^i^ : {£i)ui i£i)gui\g € G,uj G fl} the corresponding continuous 
bundle RDS. By a factor map from Fi to F2 we mean a measurable map tt : £1 ^ £2 
satisfying 

(1) TTijj, the restriction of tt over {£i)uj, is a continuous surjection from {£i)cj to 
(f2)tj for P-a.e. uj G fl and 

(2) TTg^ o (Fi)g^„ = (F2)g,„ o TT^ for cach g G G and P-a.e. w e fi. 

In this case, it is obvious that ■n^^{U2) G Pfj (C^j, C|^, respectively) if U2 G 
(^£21 ^£2' respectively). U2 G C^^ is called factor excellent [factor good, 
respectively) if there exists such a factor map tt with 7r^^(Z^2) excellent (good, 
respectively) . 

Let U G C^. In general we don't know whether U is (factor) good, even if X is 
a zero-dimensional space and (fi, J^, P) is a Lebcsguc space. However, we have: 

Lemma 6.6. Let U = {Ui,--- ,Un} G C°^,N G N. Assume that X is a zero- 
dimensional space. Then there exists a = {Ai, ■ • • , Ajsi} G Pf such that a>lA and 
is a clopen partition of £^ for P-a.e. w G fi. 

Proof. Say tt : fi x X — > X to be the natural projection. Absolutely, we may assume 
without any difference that £lj is a non-empty compact subset of X and G C^^ 
for each w G fi. 

As X is zero-dimensional, there exists a countable topological basis {Vn ■ n G N} 
of X consisting of clopen subsets (here, we take Vi =0). 

Note that, if /i, ■ • ■ ,1m are N finite disjoint non-empty subsets of N, and we set 

N 

fi(/i,--- ,/w) = ^((fixX\ U Vj)r\£)ij\jT:{{Slx\Jv,\Ui)r\£), 

N i=l iaii 

je U h 

i = l 

then by Lemma [4.21 one has fi(/i, • • • ,In) <= J'- Moreover, oj ^ fi(/i, • • • ,In) if 
and only ii £uj U Vj and IJ V, fl C {Ui)^, for cach i = 1, - ■ ■ ,N. 

N jeii 
je U h 

i = l 
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Now for any given w £ i7, as lAi^ G C| and X is a zero-dimensional space, there 
exists a{u]) £ P^^ consisting of cfopen subsets • • • , A^{u]) with the property 

that Ai{uj) C {Ui)cu,i = 1, • • • ,N. Furthermore, there exist N finite disjoint non- 
empty subsets Ii{uj), ■ ■ ■ ,/Ar(w) C N such that Ai{uj) = IJ Vj Ci for each 

I = 1, • • ■ ,N. In particular, uj g f2(/i(w), • • • ,/Ar(a;))'^. 

Thus, there exists a countably family {{/", • • ■ , I^} : n G N} of iV finite disjoint 
non-empty subsets of N and a sequence : n E N} C T such that IJ il„ = il, 

f]„ n = whenever 1 < ?i< m and P(f}„) > 0, fin C , • • • , 7]^)'= for each 
71 G N. Now set 

a = { U (r!„ X y n £ : z = 1, • • • , TV}. 

From the above construction it is not hard to check that a has the claimed prop- 
erties. This completes the proof. □ 

We also have: 

Proposition 6.7. Let F = {Fg^ui ■ £u> — > £gui\g G G, a; G il} 6e a continuous bundle 
RDS over {n,J',V,G). Then there exists a family F' ^ {F^^ : £^ S'gjg G 
G,uj E Q} (with £' E J- X Bx' and X' a compact metric state space), which is a 
continuous bundle RDS over (fl,J-,V,G), and a factor map tt : — > £ from F' to 
F, such that X' is a zero- dimensional space. In fact, n is induced by a continuous 
surjection from X' to X . 

Proof. It is well known that there exists a continuous surjection (j) : C ^ X, where 
C is a Cantor space. Then G acts naturally on the space C*^ with g' : {cg)g^G ^ 
{Cgig)g^G whcuever g' G G. There is a natural projection 

.p-.nxC^ ^nxX,{LJ, iCg)geG) ^ HCea))- 

Now we consider X' = which is a zero-dimensional compact metric space and 
£' = {{oj, {cg)geG) e ^'^{£) ■■ <t>{cg) = Fg^^4i{cec) for each g EG and any oj eVL} 
with the family F' = {F'^^^ : E'^ S'gjg G G, cj G f7} given by 

Fg'^c^ ■ 3 (Cg)geG {Cg'g)geG,9' EG,0J E^. 

The map n : £' ^ £ is defined naturally by {u!,{cg)g^G) "-^ ("^j '/"(Cec))) ^^'^ is 
clearly well-defined. In the following we shall check step by step that X', £' , F' and 
TT as constructed satisfy the required properties. 

(1) The family F' = {F^^ : £[, £'gjg E G,uj E fl}, which is wcU defined 
naturally, is a continuous bundle RDS over {n,F,P, G): first, for the map 

i/;G : X G° ^ 17 X X^, (w, {Cg)g^G) ^ {<f>Cg)g<-G) 

which is obviously measurable, £' = iPq^[£g)^ where 
£g = {(w, {xg)geG) ■ i^i^ea) E£,Xg = Fg^^Xea for ^a^h g G G and any uj E VL}, 

then £' E J-x Bx' follows from £g E F x Bxo . Secondly, the measurability 
of 

(W, (Cg)geG) e£' ^ Fl^, J{Cg)geG) = {Cg'g)geG 

for fixed g' G G and the equahty F'^^ ^^^ o F^^^ = F^^^g^^^ for each w G 
and all 31,(72 <= G are easy to see. Finally, it is not hard to check that 
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^ £^ C X' is a compact subset and ^ is continuous for each g e G. We 
have shown that the family F' is a continuous bundle RDS over (51, J', P, G). 
(2) TT is a factor map from £' to £: in fact, let w G O, obviously tt^ : £^ 
is a continuous surjection; now let g' S G, if (w, {cg)g^G) G ^' then 

^9'c^°^S'.c^((Cs)seG) = T^g'u,{{Cg>g)geG) = Hcg') = Fg, ,^o4){cea) = -F3'.c^07r;^((Cg)geG), 

which establishes the identity T^g'i^ o -Fg/ ^ = Fgi^i^ o tt^j. 

It is clear that tt is induced by the continuous surjection X' — >■ X, {cg)g£G ^ 0(ceG )■ 
This completes the proof. □ 



Suppose that the family F.^ = {(-Fi)s," • (^0" ~^ (^lOgwIs G G, w G fi} is a 
continuous bundle RDS over (fi, J", P, G), i = 1,2 and tt : £i — £2 a factor map 
from Fi to F2. n naturally induces a map from VpiSi) to Vp{£2), which is still 
denoted by tt without any ambiguity. 

It is now almost a direct consequence that: 

Lemma 6.8. Suppose that for i = 1,2 the family Fi = {{Fi)gi^ : {£i)^ — )■ 
guj\g € G,ui € fl} is a continuous bundle RDS over {il, T , P, G) with correspond- 
ing compact metric state space Xi. Assume that?: : £1 ~¥ £2 is a factor map from Fi 
to F2,M G Vpi£i,G),a £ P£„U e Cg, andT> ^ {dp : F e Tg} G Lijr!,G(X2)) 
is a sub-additive G-invariant family. Then 

(1) // the sequence {?7„ : n G N} converges to rj in Vp{£i) then the sequence 
{irrjn : n £ N} converges to nrj in Vp{£2)- In other words, the map tt : 
Vp{£i) — >■ T'p{£2) is continuous. 

(2) ^^^I£rp{£2,G). 

(3) D o TT = {dp o TT : F G J^g} is a sub-additive G-invariant family in 
Lg^ (n, G(Xi)). Moreover, ifD is monotone then T) o tt is also monotone. 

(4) 4''^(Fi,7r-ia) - h^^^{F2,a) and so h^^l{Fi,7T~^U) < hi^l^{F2,U). 

(5) hi'\F,,7r-^U) = h^;l{F2M) and so h!^^, \F^) > /ii';](F2). 

(6) For each F G Fg and for any io £ il, 

Ps, (w, D o TT, F, t:-^U, Fi ) ^ Pg, (w, D, F, F2). 

Hence if T) is monotone then (D o tt, tt^^W, Fi) = Pg^ (D,Z//, F2). In 
particular, /i[^p(Fi, 7r~^W) = h'fJp{F2,U). As a consequence, 

P£,(Do7r,Fi) > P£,(D,F2) and /i^(Fi) > /^^(Fa). 

Proof. The first four statements are easy to check; we prove the last two. 

In fact, the last item follows from (|5.5p and the fact of P((7r~^W)i?) = 7r^^P(Wi?) = 
{{TT-ip : P G /?} : /3 G F{Uf)} for each F G J"g- 

As for ([5]), suppose that diJ,{uj,x) = diJLt^{x)dF{uj) is be the disintegration of ^ 
over Then it is not hard to check that d(7r/z)(ct', y) = (i(7raj/Lti^)(?/)(iP(a;) is the 
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f inf H^J{7T-^(3)^)dP{Lj) (as P{{tt-'U)f) = 



-I 

Jn 




= HTr^{UF\T£2) (by a reasoning similar to (|6.2p ). 
and so /iJ;'(Fi,7r-iW) = /il-'2(F2,^). This finishes our proof. 



□ 



By Proposition 16.41 and Proposition 16. 7[ one has: 

Theorem 6.9. Assume that (f2, J-", P) is a Lehesgue space. 

(1) If i ^ Pji and V e C\ then (^ x V)^ is factor excellent. 

(2) IfU eC° has the form U = {{Vt, x f/,)'= : i = 1, • • • , n}, n G N \ {1} with 

& J-,i ~ 1, ■ ■ ■ ,n and {fJf , • ■ • , U^} E C^, then U is factor good. 

By Lemma |6. II and Proposition 16.71 one has: 

Theorem 6.10. Assume that is a zero- dimensional compact metric space with 
J- = Bq. Then each member o/C^'° is factor excellent. 

We end this section with the following nice property of a factor good cover. 
A generalized real- valued function / defined on a compact space Z is called upper 
semi- continuous (u.s.c.) if one of the following equivalent conditions holds: 

(1) limsup/(z') < f{z) for each z E Z. 

(2) for each r G M, the set {z E Z : f {z) > r] Q Z \s closed. 

Notice that the infimum of any family of u.s.c. functions is again u.s.c, and similarly 
both the sum and the supremum of finitely many u.s.c. functions are u.s.c. 
It follows that: 

Proposition 6.11. Assume that (0,J^, P) is a Lehesgue space. If U E is 
factor good then both /ii''^(F,iY) : rv{£,G) ^ M,^t h''-[\¥M) and h^^X{¥,U) ■ 
■Pp(f, G) — ?► R, /i H> /i^'^l).(F,^) are u.s.c. functions. 

Proof. As (51, J', P) is a Lcbesgue space, by Proposition STTl we only need check the 
property of u.s.c. for the function /ii'^^(F,W) : Vp{£,G) R, fi ^ h^^^_^{F,U)- 

First, we prove the proposition in the case that lA is good. By assumption, there 
exists a sequence {a„ : n G N} C satisfying: 

(1) For each ri G N, (q;„)(^ is a clopcn partition of E^: for P-a.e. oj G ft and 



(2) For each ^l G rp{£,G), H^^'Uf^U) ^ inf /i''"'(F, a„). 
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By the construction of the sequence {a„ : n G N} C Pn and using Proposition |4?5l 
one sees that for each F G J^g and any 71 G N, the function 

H,iia^)F\J'£) : Vr{£) ^ M,^* ^ i/^((Q'„)F|-^£) 

is u.s.c. It fohows that the function 

is also u.s.c. for each n G N (using p.3p '). which imphes that the function 
/ii'|(F,W) : rp{£,G) ^ M,^ ^ hl%{F,U) = inf h^^^F^a,,) 

is u.s.c, as it is the infimum of a family of u.s.c. functions. 

For the general case, our assumptions imply that there exists a continuous bundle 
RDS F' = {F^^^ : S'gjg G C?,w G 17} (with £' G J" x Bx' and X' a compact 

metric state space) and a factor map tt : £' ^ £ from F' to F such that tt~^U is 
good. By the above arguments, the function h'"J']^_{F' , ir^^U) : 'Pr{£' , G) R, /i' ^ 

^L'/^CF', Tr~^U) is u.s.c. As (fi, P) is a Lebesgue space, we may apply Proposition 
14.71 and Lemma \6l8\ to deduce: 

4F,iY) = hl^l,iF,U) = h^-,\F',n-^U) ^ h^^^F' ,n-^U). 

For each n' G Vp{£',G). Thus, for each r G M (recah that TrVr{£',G) = Pp(f,G) 
[53l Proposition 2.5] and tt : Vr{£' , G) Vr{£, G) is continuous by Lemma [HTS]) . 

{m G 7'p(£:,G) : > r} = ^({^' G T'p(f',G) : /^^^^(F', tt-i^Y) > r}) 

is also a closed subset, which finishes our proof. □ 

7. A VARIATIONAL PRINCIPLE FOR LOCAL FIBER TOPOLOGICAL PRESSURE 

In this section we present our main result, Theorem l7.1l As its proof is somewhat 
technical and complicated, we postpone it to next section, and in this section we 
give the statement, some remarks and direct applications of it. 

Here is our main result. 

Theorem 7.1. Let D = {dp : F G Tq} ^ 'L\{Vt,G{X)) he a monotone sub- 
additive G -invariant family andlA G C|. Assume that D satisfies: 

for any given sequence {v^ ■ n G N} C Vr{£), set /i„ = ^ gv^ for 

each n G N, then there always exists some sub-sequence {uj : j G N} C N 
such that the sequence {/i„^ : j G N} converges to some /i G 'Pv{£) (and 
so /i G 7'p(£:,G)) and 

limsup I dF„. (t^, x)dvn. (w, x) < ^(D). 

// (ri, J-", P) is a Lebesgue space and lA is factor good then 

P£(D,^,F) = max [/i|:V(F,i^) +/^(D)] = max [/^^(F,^^) + a*(D)], 

/J-G /-^p(o ,G) /-'[■'(c ,G) 

moreover, combining with Theorem \4.11\ and Theorem 1 6. 9\ one has 
P£(D,F)= sup [/iW(F) + m(D)], 
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in particular, 

h[ll(F,U)^ max h';^\{F,U) ^ max /iW(F,W), 
/.^(F)= sup /.(:)(F). 

Remark 7.2. T/iis result may be viewed as a local version of \A8\ Theorem 2.1] 
in the general case of a continuous bundle RDS. Moreover, h^^\F) + /x(D) may 
be viewed as a general definition of measure-theoretic pressure in our setting. We 
should note that |74] provides another possible direct but more complicated definition 
of measure-theoretic pressure in the setting of topological dynamical systems. 

Remark 7.3. In fact, by the proof given in SJ2I we will obtain a local version of 
[56l Variational Principle 5.2.7] (see [56l Theorem 5.2.8 and Theorem 5.2.13]j in 
our more general setting. Specifically, let D = {dp : F G J^a} ^ L^(r2,C(X)) be a 
family satisfying and U G C|, here, in the assumption of {4ti) for fjL G VpiS, G) 
we use 

limsup-j— -j- / dF„{i-^J, x)dfi{uj, x) 

Ti->oo \-t'n\ Js 

to replace fJ.(D), (/(ilj-F, P) is a Lebesgue space andU is factor good then 
limsup^ [ \ogP£{iJ,T>,F„,U,F)d¥iuj) 

n— i-oo \-fn\ Jil 

(7.1) = max \h':J'\F,U) + \imsup [ dp (uj,x)dn(uj,x)]. 

p.eVr{£,G) ^ n^oo \Fn\ 

Observe that P£{ll:,'D, F„,U,F) can be introduced similarly. In addition, it is not 
hard to obtain [561 Variational Principle 5.2.7] from (j7.1l) . In particular, for each 
f G L^(fi,C(X)), obviously D-^ is a family in L^(17, C(X)) satisfying the assump- 
tion of (<|k), and so in the case that (f2, J^, P) is a Lebesgue space and U G is 
factor good, we obtain 

limsup^ / logP£(c^,D-^,K,W,F)dP(c^) 

= max [h^;^\{F,U)+ I f{u:,x)dpi{u:,x)] 

= max [/iM(F,W)+ / f{uj,x)dii{uj,x)] 
and ( using Theorem and Theorem 1 6. 9(1 

sup hmsup^ / logP£(w,D-^,i^„,(r!x V)£,F)dP(w) 

= sup [/iW(F)+ / f{io,x)dfiiuj,x)]. 

M6Pp(£.G) JS 

Remark 7.4. We believe that Theorem ] 7. 1\ holds for a generallA G C|, but we have 
not so far been able to prove it in full generality. In fact, inspired by Proposition 
|6'. 7| ( and Theorem 1 6. 9[ Theorem 1 6. 1 0]) it seems possible to prove that each U G 
is factor good and so Theorem \7.1\ will hold for all U G C| . 
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Remark 7.5. Combined with Proposition \4-5\ we believe that a monotone sub- 
additive G-invariant family D = {dp : F G -Fg} ^ L^(r2,C(X)) always satisfies 
the assumption , and if this was the case, we would be able to prove the Theorem 
in generality. We shall discuss this assumption in and in CfOl we will show that 
it holds for some special cases. 

Remark 7.6. In fact, if B = {dp : F e Fg} C L^(r2,C(X)) is just a sub- 
additive G-invariant family satisfying (which need not to be monotone), and if, 
in addition, there exists a finite constant C G R+ such that D' = {d'p : F G Fg} C 
'L\{^),,C{X)) is a monotone sub-additive G-invariant family, where d'p = dp + \F\G 
for each F G Fg, then we can introduce P£:(D, F), P£(D, F) and /i(D) similarly 
for each lA G Cg and any G Vp^E, G). It is easy to check that the family D' also 
satisfies Hence in the case that {n,F,¥) is a Lebesgue .space and U G is 
factor good, we may apply Theorem \7.1\ to D' and U, and by .standard arguments 
we obtain 

P£(D,U,F)= max [/i|;^(F, W) + m(D)] = max [/iJ;)(F, W) + m(D)] 



an 



d 



Pe{-D,F)^ sup [/iW(F) + m(D)] 

p.eVr{£,G) 



As a direct corollary, we can strengthen Lemma 15.71 as follows. 

Proposition 7.7. Let D = {dp : F G Fg} ^ Lg(fi, C(X)) be a monotone 
.sub-additive G-invariant family satisfying the assumption of // (51, J^, P) is 

a Lebesgue space then 

sMjOpfD) — max u(D). 

Proof. Observe that {£} = (O x {X})£ G is excellent, and so by Theorem 17.11 
one has 

Ps{T>, {£],¥) = max [/.(:)(F,{f})+A^(D)]. 

tieVe(t.G) 

It is easy to see that /t^(F, {8}) = and /i|r'(F, {£}) = for each G VviS, G), 
and so by Proposition 15.81 we have the conclusion. □ 

Observe that we may deduce a result analogous to Remark 17.31 

The concept of a principal extension was firstly introduced and studied by 
Ledrappier in }47| . It plays an important role in relative entropy theory. Inspired 
by this, we can also introduce it in our setting. 

Let the family F^ = {(^i)g,Lj : {£i)u) — >• {£i)guj\g G G,a; G 11} be a continuous 
bundle RDS over (ri,J^, P, G) with Xi the corresponding compact metric state 
space, i = 1, 2 and tt : f i — >■ £2 a factor map from Fi to F2. tt is called principal if 
/iJr^Fi) - h^:l,{Y2) for each G Vr{£i,G). 

Before proceeding, we also need the following result. 

Lemma 7.8. Let the family F^ = {{Fi)g,^ : {£i)ui — > {£i)gi.j\9 G G,w G 11} be a 
continuous bundle RDS over (11, F, P, G) with Xi the corresponding compact metric 
state space, i ~ 1,2 and tx : £\ ^ £2 a factor map from Fi to F2. Assume that 
D = \dp : F G Fg} ^ (U, G(X2)) satisfies the assumption of (d|k) with respect 
to F2. Then D o tt satisfies the assumption of (ift) with respect to Fi. 
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Proof. Let {un : n G N} C Vp{£i) be a given sequence and set /i„ = 

for each n e N. As D satisfies the assumption of with respect to F2, then 
there always exists some sub-sequence {rij : j e N} C N such that the sequence 
{TTHrij : j G N} converges to some /i' G Pp{S2, G) and 

(7.2) lim sup |-^^— I / dF^.{ijo,x)dnVn^{ijj,x) < ^i'{Ti). 

Note that by Proposition 14. 51 we may assume that : j G N} converges to some 
IX G Pr[£i,G) (by selecting a sub-sequence of [uj : j G N} if necessary). Obviously, 
TT/i = /./ and then (|7.2p can be restated as: 

limsup-j-— — - / di^^ . o 7r(w, a;)(iz^„j (w, x) < /i(D o tt). 

That is, D o TT satisfies the assumption of (4|k) with respect to Fi. □ 

Now given a factor map between continuous bundle RDSs tt : Fi — F2 it 
was proved 7r7-*p(£i,G) = 7'p(£2,G) Proposition 2.5]. Thus, by the definition. 
Theorem 17.11 and Lemma FTSl one has: 

Proposition 7.9. Let the family F^ = {{Fi)g^^ : (fi)tj — > {£i)gu]\g G G',a; G il} 
6e a continuous bundle RDS over (fi, J^, P, G) with Xi the corresponding compact 
metric state space, i = 1, 2 and ir : £1 ^ £2 a factor map from Fi to F2. Assume 
that D = {dp : F G -^g} ^ ($7, C(X2)) is a monotone sub-additive G-invariant 
family satisfying the assumption of (<|k) with respect to F2. // tt is principal and 
(r2, -F, P) is a Lebesgue space then 

P£,(D,F2) = Pe,(Do7r,Fi), particularly, /i^(F2) = /i^(Fi). 

Remark 7.10. Given a factor map between continuous bundle RDSs tt : Fi — > F2 
over (O, J-", P, G), for each fii G Pp{£i,G) we see that tt may be viewed as a given 
G-invariant sub-a -algebra C of an MDS {£1, {J-xBxi)ri£i, /ii, G). If the state space 
(17, P) is a Lebesgue space, then a special case of tt being a principal extension 
is hfj_^{G, £i\C) = for each G Pp{£i,G), as the well-known Abramov-Rokhlin 
entropy addition formula states 

h^^}{¥,)<h(:l{Y2) + h,,{G,£^\C), 

in the notation of our setting (see Provosition \ 3.l0j) . Thus, by Proposition \37TB[ 
one sees that |53| Theorem 2.3] is just a very special case of a principal extension 
and so |531 Theorem 2.3] follows directly from Proposition \ 7. 9\ (and its variants, see 
Remark\7l\ and j T/Oj) . 

8. Proof of Theorem 17.11 

In this section, we present the technical and complicated proof of Theorem 17.11 
following the ideas of [351 [33 \SM ^^'^ the references therein. 

In fact, using Proposition 14.71 and Proposition 15.61 we can deduce Theorem 17.11 
from the following result. 

Proposition 8.1. Let D = {dp ■ F G Tq} C L^(J7,G(X)) be a monotone sub- 
additive G-invariant family satisfying the assumption of (A) and U G C^. // 
(f2, J-", P) is a Lebesgue space and lA is factor good then, for some /i G Pp{£, G), 

/iJ;V(F,W)+M(D) >P£(D,W,F). 
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Before proceeding, we need: 

Lemma 8.2. Let (F, T) be a measurable space, X a Polish space, p : T ^ X a 
measurable map and a e Prxx- Then 

|J{t} X ar{p{T)) eTxBx- 

rer 

Here, both PrxX o-nd ar,T G F are introduced similarly as in previous sections. 

Proof. Suppose that tt : F x X — > F is the natural projection and set B = {(t,p(t)) : 
T e F}. Then B S TxBx- It is clear that there exist distinct atoms Ai, - ■ ■ , An, n e 

n 

N from a such that B Q yj Ai and S n / for each i = \, - ■ ■ ,n. In fact, for 

i=l 

n 

each i ~ 1, • • • ,rL, set d ~ Tr{B D Ai). Then [J Ck = T,Ci £ T (using Lemma 

k=l 

1121) and n Cj if 1 < i ^ j < n, and so {Ci, • ■ • , C„} G Pr (here, Pr is 
introduced as in previous sections). Moreover, 

n n 

\J{r} X ar{p{T)) = y y M X ar{p{r)) = \J[{C, x X) n A,] eTxBx- 

rer i=iTeCi i=i 

This completes the proof. □ 

We also need the following selection lemma, which is a random variation of [711 
Lemma 3.1]. It plays a key role in the establishment of Theorem 17. II 

Lemma 8.3. Let D = {dp : F e Tq} C L^(r2,C(X)) and U e C^. Assume that 
oik G satisfies ak ^ ti for each 1 < fc < i^, where K G N. T/ien /or eac/i 
_F G Tg there exists a family of finite subsets Bp,^ C £(^,0; G such that 

(1) For Bp = {{i^,x) : uj e Q,x e Bf,uj}, 



E dF{u},x) ^ _J_ 



inf y supe''^^"'^) - ie^ll''^('^)ll = 



(2) T/ie family depends measurably on lo E in the sense of Bp £ T x Bx and 

(3) Each atom of {{ak)p)uj contains at most one point from Bp^i^, I < k < K . 

Proof. Let tt : Q, x X ^ Q. he the natural projection. Set 80 ~ £. By Lemma 
14.11 there exists a measurable map pi : — > X such that {uj,pi{uj)) G £0 for each 
w G 7r(fo) (it makes no any difference to assume that 7r(fo) = ^) and 

dF(w,pi(w)) ^ dF(w,a;) _ „- 1 Mf (c^) 1 1 do 

e ^ sup e oi+ii<''^ 

Note that by Lemma [821 for each fc = 1, • • • , 

y {w} X ((q;a;)f)<.j(pi(w)) G J" X Bx, 

and so 

A' 

£i=£o\y y {w} X ((afc)F)<^(pi(w)) G J" X Sx- 

A:— 1 cje7r(£'Q) 
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If £i = then we stop. If, on the other hand, Tr{£i) £ J- (using Lemma [4.21 . and 
so again by Lemma l4 . 1 1 there exists a measurable map p2 ■ 7r(£i) X such that 



1 



-IMf(^)|| = 



and {uj,p2{uj)) G £i for each lu G tt{£i). Set 



K 



^2 = ^i\U U {^}x(K)f)^b2H)e-FxZ?x. 

A:— 1 luGtt{£i) 

It is not hard to see that, after finitely many steps of induction, we obtain Sq G 

K 

= ^-j-i \ U U ^ (K)F)^fe(c^)) G P X Sx, 

fc=l w£7r(£j_i) 

where Pj : 7r(£j_i) — > X is a measurable map satisfying 



1 



23+^ K 



\dF{uj)\U 



and {uj,pj{uj)) G fj-i for each w G 7r(fj_i), j = 1, • • • ,m and fm-i 7^ 0,fm = 
(observe that, for j = I,-- - ,m and ji,.?2 G {0,1,--- ,j — 1}, if ji 7^ j2 then 
((afc)F)w(Pii+i(w)) and ((afe)F)tj(Pj"2+i(^)) ^^'C different non-empty atoms of the 
partition {{ak)F)u: for each A: = 1, • ■ • , and any lu G 7r(i?j_i), from this we could 
deduce that finally £m = after finite steps of induction). 
Now for each w G fi, set 

Bf.cu = fe(w) : i G {1, • • • ,m},w G £j~i}- 

From the construction, it is easy to see that, for w G f2, each atom of ((afc)^)^ 
contains at most one point from Bf,ui, 1 < k < K and Bp E T x Bx- To finish the 
proof, let a; G ri, we only need to check 



x£Bf 



inf 



In fact, suppose that m,{uj) G {1, • ■ • , m} is the first J G N such that ui ^ tt{£j) and 
set 



7(0;) {(^i-i),^ n ((afc)F)^(Pi(w)) : j = I,-- - ,m(w),fc = I,-- - 
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It is easy to check that "f[ijj) e C£^,^{uj) y {Uf)uj- Moreover, 



> 



K 

J = l k=l 



sup e 

xe(£j_i)^n((aOF)..fc('^)) 



(ijj'(cj,a;) 



1 



-\\dF{Lj}\ 



> -T7 



sup e 



> — 



inf 



sup e"* 



This finishes our proof. 



□ 



Note that by the proof of [37l Lemma 3.1] we have (see also j201 Lemma 2.2], we 
should note that the assumption that (F, V, v, G) is an MDS in [20l Lemma 2.2] is 
not necessary): 

Lemma 8.4. Let {Y,T),i/) be a probability space, C ^ V a sub-a- algebra and a £ 
Py. Assume that G acts as a group of invertible measurable transformations (which 
may be not measure-preserving) over {Y,V,iy). If E,F G J-q then 

HMf\C) <Y,^H,{aEg\C) + \F\{g^G:E~^g(^F}\\og\a\. 

The following result should be well known but we cannot find a reference for it, 
and so for completeness we present a proof of it here. 

Lemma 8.5. Let {Y^'D.i'i) be a Lebesgue space, i = 1, • • ■ , n, n G N, C C 2? a 
sub-a -algebra and < Ai, • • • , A„ < 1 satisfy Ai + • • • + A„ = 1. Then there exists 
A > (depending on Ai, • • • , A„j such that, for each a € Py, 

n n 

A + ^A,i?,,(a|C) > i/Ai.i+...+A„.„(a|C) > ^ A,i/,. (a|C). 



Proof. We only consider the case of n = 2, as all the other cases follow from this 
case. By assumption, each {Y, C, Vi) is a Lebesgue space, i ~ 1, 2. Thus, there exists 
a sequence {Pi : i S N} C Py such that the sequence {Pi : i S N} of cr-algcbras 
increases to the cr-algcbra C in the sense of both vi and V2 (and so also in the sense 
of XiVi + \2>^2)^ iu particular, 

(8.1) lim ff^(alA) =H-^(«|C) 

2— f OO 

whenever = i^i, i/2 or Xivi + \2i'2- Now for each i e N, one has 

(8.2) XiH,,{a\Pi) + ^2H,,[a\P,) < Hx,.,+x,MP^) 
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(by the proof of [35l Lemma 3.3 (1)]), and 

(A) (using dHI])) 

2 

< Hx,,,+X2.2 (« V ft ) - 51 ^jH., (ft) (using dm) 

2 2 2 

< ^ A, if,^ (« V ft ) - ^ A, log A, - J2 (/^^ ) 

(by the proof of [STl Theorem 8.1]) 

2 2 

(8.3) = ^ X,H,^ (a|ft) - ^ A, log A, (using (EU). 

Combining (|8.ip with (18.21) and (|8.3p wc obtain the required inequality. □ 
Now we can prove: 

Proposition 8.6. Let D = {dp ■ F e J^?} ^ L^(r2,C(X)) &e a monotone sub- 
additive G-invariant family satisfying the assumption of (d|k) and U G C^. // 
(f2, J^, P) is a Lebesgue space andlA is good then, for some fi e Vri^jG), 

hl%{F,U)+^,{B)>Ps{■D,U,F). 

Proof. Asl4 G Cg is good, there exists a sequence {a„ : n G N} C Fu such that 

(a) for each n 6 N, (a„)i^ is a clopen partition of E^^ for P-a.e. G and 

(b) h';J'UF,U) = inf /ii''^(F, a„) for each veVp{£,G). 

Observe that from our assumption of ec C Fi C F2 C ■ • • one has that |F„| > n 
for each n G N. 

Let n G N be fixed. By Lemma 18. 3[ there exists a family of finite subsets 
Bn.i^ C G such that 

(1) For B„ = {{uj,x) : w G r2,x G -B„,^}, 



inf y supe'^-"("'-)-ie-ll''-"(")" = 



(2) The family depends measurably on w G in the sense of -B„ G J-" x and 

(3) Each atom of {{ak)F„)uj contains at most one point from Bn^u, 1 < k < n. 

Now we introduce a probability measure z^*-"-* over £ by a measurable disintegration 

dv^"\uj,x) = dv^'\x)dF{Lj), where 

= V — 

and define another probability measure /i'"^ on £ by 

Observe that by assumption ([2]) the measure z^*-"-* (and hence /i^"'') is well defined. 
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As the family D satisfies we can choose a sub-sequence {nj : j E N} C N 
such that the sequence {/i'-"^-' : j G N} converges to some /i G Vv{£) (and so 
11 e Vv{£,G)) and 



(8.4) 



lim sup 



dp^ . (w, x)di'''' (cj, x) < /x(D). 



To finish our proof, by the selection of the sequence {a„ : ti G N} it suffices to 
prove /i^''^(F,a,) + ^(D) > P£(D,U,F) for each Z G N. Let Z G N be fixed. 

(n) 

For each n> I, from the construction of i^oj , one has 



^,»(((«OfJ.) 



E 



■ loe 



gdF„(w,!/) 



E 



(8.5) 



- j^dFA^,x)dv^^\x)+\og ^ e 



as each atom of ((ai)F„)w contains at most one point from Bn^u- This implies 



logP£(a;,D,F„,i^,F) -log2-logn 



< log 



loe 



P£(L.,D,^^„,W,F)--e-ll'^-"(")l 



inf sup e''^" 



log n (from the definitions) 



— loe 



< log ^ e''^"^"'^^ (by the assumption of (P) 



(8.6) =H^,„,iiiai)F,X)+ [ dF„(w,x)di.(")(a;) (using (IHSl)), 
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and so by Proposition 15.41 (1) and the construction of v^"-^ (using (|4.4p ). for each 
B G we have 



/ logP£(cj,D,F„,iY,F)(flPH -log2-fogn 
Jn 



^ E T^\H,„.,iiai)B,\T£) + \F„\{geG:B-'gCFr,}\log\ai\ 

+ J dF,X^,x)dv^^\ijj,x) (using Lemma l8^ 
= W E 7^^9-<") {{o^i)B\:Fe) + |F„ \ {g e G : B'^g C F„}| log 

' ' gG-F„ I "I 

+ y dF,X^,x)dv^'^\ijj,x) (using the G-invariancc of J-f) 



< ((aOsl^Fe) + |F„ \ {g e G : i?-\9 C F,,}\ log |«z| 



P£(D,^,F) < —H^{{ai)B\Te)+ii{T>) 



\Fr^ 

\B\ 

(8.7) + j dpJuj.x)diy'-"Muj.x) fusing Lemma l53)) . 

Let i? e Jy; be fixed. Observe that, as {F„ : n G N} is a F0lner sequence, 

lim ^|F„ \{geG: B^'g C F„}| = 0; 

moreover, by the selection of a/, one has that {{ai)B)uj is a clopen partition of £^ 
for P-a.e. lu G fl, and so we have (using Proposition |4?5] (2)) 

limsupi/^(„)((a;)B|^£) < Hf_,{{ai)B\J^£)- 

n— f oo 

Combined with (|8.7p (divided by |Fn|, recall > n) we obtain (using (|8.4p ') 

1 

1^1 

Lastly, taking the infimum over all B G J^; we obtain 

P£(D,W,F) < /v(G,a,|J-£) + /i(D), 

equivalents, Pf (D,W,F) < h'i[\F,ai) + /i(D). This ends the proof. □ 

Now we can present the proof of Proposition 18. II 

Proof of Provosition \8.1\ As U is factor good, then there exists a family F' = 
{Pg^j : — >■ £'g^\g S G, a; G fi} (with a compact metric state space X' and 
£' E F X Bx') which is a continuous bundle RDS over (O, J", P, G) and factor 
map -K : £' S such that Tr~^U is good. By Lemma [6.81 and Lemma [7.8[ D o tt 
is a monotone sub-additive G-invariant family satisfying (<|k), and so there exists 
n' G Vp{£',G) such that (using Proposition 18. 6p 

h^^,]^{F', TT-^U) + fl'{T> O tt) > Pf' (D O TT, TT-^U, F'). 

Set /X = TT/i'. Observe that, using Lemma 16.81 we have /i G Vp{£,G), 

h^;^^iF,U)>h^;,liF\n~'U) 
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and 



From the definition one sees easily that /i'(D o tt) = /^(D) and hence 



This finishes our proof. 



□ 



9. Assumption (4) on the family D 



In this section, we discuss on the family D. 

Before proceeding, we need introduce the property of strong sub-additivity. In 
his treatment of entropy theory for amenable group actions Moullin-Ollagnier |56j 
used this property rather heavily. 



Let (V, V, V, G) be an MDS and D = {d^ : F e Fg} C L^{Y, V, v). D is called 
strongly sub-additive if for v-a.e. y £ Y, 



whenever E, F £ Fq (here we set d%{y) = for z^-a.c. y £Y hy convention). For an 
invariant family, the property of strong sub-additivity is stronger than the property 
of sub-additivity, and D-^ is a strongly sub-additive G-invariant family in L^(Y^ T>, v) 
for each / G L^{Y,'D,v). Similarly, we can introduce strong sub-additivity for any 
given continuous bundle RDS. 

Let D = {dp : F 6 Fg} C 'Lg{Vl,C{X)) be a strongly sub-additive G-invariant 
family. By Proposition 12.31 for each ^ G 'Pp(f , G) we may still define 



Remark that the value of //(D) is independent of the choice of F0lner sequence 
{Fn : n G N}. The points of difference from the case where D is a monotone 
sub-additive G-invariant family are: 

(1) //(D) need not to be non-negative, in fact, it may take the value — oo, as 
here D may be not monotone. Thus D need not to be non-negative. A 
direct example is to set dp{uj,x) to be the constant function — for each 



is the infimum of a family of continuous functions, and hence is u.s.c. 
(3) Observe that the family 



dEuriy) + dsnFiy) < dsiy) + dpiy) 



(9.1) 




(2) 



FeFo- 

By ([g?T|) . the function 



• (D) : Vr{S, G) ^ R U {-oo}, /i ^ /i(D), 



{sup dF{uj,x) : F G Fg} C L^{i},F,F) 



may be not strongly sub-additive, as for E, F £ Fg it may happen 



sup dEnpi^jx) + sup dEupi^^jx) > sup dE{^^,x) + sup dpi^^jx) 

XG£uj XG£u: XG£u: X^£^ 



even if 



dEnF{i^,x) + dEuF{i^,x) < dE{uj,x) +dF{uj,x). 
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Thus we can not define sup]p(D) similarly. 

Remark 9.1. LetU S Cg . In this setting, it may happen that the family {logP£(a;, 
D,_F, ^, F) : F G J'g} is not strongly sub-additive. 

The following result tells that we can remove the assumption of {4tt) if we require 
the additional property of strong sub-additivity over the family: note that it is not 
necessary to assume the family monotone. 

Proposition 9.2. Let D = {dp ■ F e J"g} ^ Ll{Q,C{Xj) be a strongly sub- 
additive G -invariant family. Then D satisfies 

In order to prove Proposition [^21 we need the following lemma. 

Lemma 9.3. Let {¥,!), i/^G) be an AIDS and D = {dp : F G Tg} a strongly 
sub-additive family in L^(Y, 2?, i/). If E, Ei, ■ ■ ■ , E^ G J-q, n G N satisfy 

n 

Is = ^ Oilpi, 
i=\ 

where all ai, ■ ■ ■ , a„ > are rational numbers, then 

n 

dE{y) < 

for v-a.e. y . A similar result holds for a continuous bundle RDS. 

Proof. First, we consider the case of ai = • • • = a„ = for some to G N. Obviously 

n 

[J Ei ~ E. Say (neglecting all empty elements) 

i=l 

n 

{Ai,--- ,Ap} = \/{E,,E\E,}. 

Set Kq Ki^ i] Aj, i ^ \,--- ,p. Then = A'o £ A'l C • • • C A"p = E. 

Moreover, if for some i = 1, • • • , p and j ~\, - ■ ■ ,n with Ej n {Ki \ ATi-i ) then 
Ki \ Ki-i C Ej and so A'j = ATj^i U (ATj n A^), thus, for i/-a.e. y eY, 

dKiiy) + dif._inB,(y) < dK,_dy) + dK,nE,{y), 

i.e. 

(9-2) dKiiy) - dK.^Ay) < dKiHEjiy) - dKi_,nE,{y), 

as the family D is strongly sub-additive. Now for each i = 1, • • • ,p we can select 
ki G ATi \ Ki-i, observe that if ki ^ Ej then Ej n {Ki \ Ki-i) = (and hence 
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Ki n Ej = Ki-i n Ej) for j = 1, • • • ,n, and so one has that, for v-a.e. y £Y, 

p 

dsiy) = ^{dK, iv) - dxi^i (y)) (by the construction of Kq, Ki,-- - , Kp) 

i=l 

^ / 1 " \ 

= X! —^^Ejih) {dK,{y) -dK._^{y)) (by assumptions) 
1 " 

= E idKM-dK.^Ay)) 

j=l l<i<p,ki£Ej 
1 " 

< - E E idiur^E, [y) - dK^_,nE, (y)) (using ^) 



m 

j=l l<i<pM&Ej 
n p 

m 



^ f 

- E "^i^K.r^E, (y) " dK,_,nE, (y)) 
j=i 1=1 

(as if ki ^ £'j then K, n £"-,■ = K,^i n Sj) 



1 " 

m ^ — ^ ^ 



m 



The general case fohows easily from the above special case. □ 



Proof of Proposition \9.2[ The proof is partly inspired by that of Proposition 12.31 
Let {I'n : n e N} C VpiS) be a given sequence. Set /i„ = ^ gi^n for each 

rt e N. By Proposition 14.51 there exists a sub-sequence {n^ : j e N} C N such that 
the sequence {^nj ■ j G N} converges to some ^ £ VpiS, G). Now we check 

(9.3) limsup— — 7 / dF„.(w,x)di/„j(a;,x) < ^(D). 

j^oo I J II ' 

For each F G J-g set 

c;^(a;,x) = dF{uJ,x) - ^ (i{ec}(5(w, x)) 

gGF 

and put 

D' = K^:Fe J-G}CLi(f],C(X)). 

As D is a strongly sub-additive G-invariant family, then the family D' is also 
strongly sub-additive G-invariant and — D' is non-negative. Observe that 



hm sup — — - I c?F„ . (w, x)dvn, (w, x) 



j^ao l-Tuj I J£ 

= limsup— ^— ldp^ {uj,x)di^n,{^,x)+\imsiip j (w, x)d/x„^ (w, x) 

(9.4) =limsup— ^— d'p^ (w, x)d:^„^ (w, x) -I- / d[^^-^{uj,x)dn{uj,x) 
(as the sequence {/i„j. : j G N} converges to fj.) 
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and 



/^(D) = lim T— — / dF„{i^,x)d^{uj,x) 



rn-oo |F„| jg 



= lim f dp {uj,x)d^{uj,x) 

+ ^™ / '^{eG}i9{i^,x))dfi{uj,x) 

n^oo \Fn\ Je 

(9.5) = fi{'D') + J d^e^}{uj,x)dfi{uj,x) {as fi(^Vr{£,G)). 
To prove (|9.3p . by (|9.4p and (|9.5p . wc only need prove 

(9.6) limsup— ^— I j d'p^ {uj,x)di/nj{i^,x) < fJ'i'D'). 

Let T e be fixed. As {F„ : n G N} is a F0lncr sequence of G, for each n e N 
we set En = FnCi f] g~^Fn C then lim = 1. Set 

= TTTT -9^" each 71 G N. 

Observe that the sequence {^^^ : j g N} converges to ^. By the selection of 
En,n e N, it is easy to see that the sequence {wuj : j G N} also converges to ^. 
Now for each n G N, using Lemma [2.51 one has 



teT geE„ 

By the construction of En, tEn C F„ for any t ^ T, there exist E[,--- ,E'„^ G 
J-G, ^ G {0} U N and rational numbers ai, ■ • ■ , > such that 

^ m 

' ' teT j=i 

and so 

m 

(9-7) 1^^. = ^ E l^^' + E«^^' 

which implies that, for P-a.e. cj G il, 

^ m 

dp^{uj,x) < — ^ d'rrg{uj,x) +^ajd'p,{uj,x) 
' ' geE„ j=i 

(using Lemma [9731 as the family D' is strongly sub-additive) 

< - — - d'rp {uj,x) (as the family — D' is non-negative) 
\T\ ^ — ' " 

(9.8) = d'r[^{g{uj,x)) (as the family D' is G-invariant) 
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for each x ^ S^o, and so 



lim sup / d'p^ {uj,x)dvnj[uj,x) 



1 



lim sup — — - j d'p^ (oj, x)dvnj (w, a;) (by the selection of En.) 



< limsup-^ / d'rp{uj,x)dwnj{oLi,x) (using (|9.8p ) 

= — - / d'rp{uj, x)dfi{uj, x) (as the sequence {wnj : j G N} converges to fj.). 
which implies (|9.6I) (combined with (l9.ip V This finishes our proof. □ 

10. The local variational principle in some special cases 

In this section we aim to discuss the local variational principle for fiber topo- 
logical pressure in the case of amenable groups admitting a tiling F0lner sequence. 
Thus, throughout this section, we assume that each F„,n S N is a subset tiling G. 

Let D = {dp ■ F 6 J-g} ^ L£.(r2,C(X)) be a sub-additive G-invariant family 
and U G Cf . Then by Proposition 12.81 and Proposition 15.41 we may introduce 

F£(D,iY,F) = Jiin_r^ / logP£(cj, D, K,^, F)dP(cj) 



n— >oo 



i^r^ / ^ogP£{co,-D,Fn,U,F)dF{u;) 
•^eN \Fn\ J a 



and 

Pf(D,F)= sup P£(D,(r!x V)£,F), 

which we still call the fiber topological D -pressure of F with respect to lA and the 
fiber topological D-pressure of F, respectively. By the same reasoning, for each 
fi e Vr{£,G) we can define 

^(D) = lim I dp^{uj,x)dfi{uj,x) 

(10.1) = inf / dp (u!, x)diJ.(u!, x) 

and 

supp(D) = lim -— — / snp dp{Lo,x)dF{io) > fiCD). 

n-yoo \}<n\ JfixeS^ 

As above, all these invariants are independent of the selection of the F0lner sequence 
{Fn : ri € N}. Moreover, as in ^ neither /i(D) nor supp(D) need be non-negative 
(in fact, they may take the value of —oo), and the function "(D) : Pp{£,G) — 5- 
M U {— oo}, /i M- /i(D) is u.s.c. 

Almost all the definitions and theorems in the previous sections can be carried 
out unchanged in our present setting. We skip most of them, and emphasize only 
some of them as follows. 

As in Proposition 15.61 and Proposition 15.81 one has: 

Proposition 10.1. Let D = {dp : F e Ta} C Ll{n,G{X)) be a sub-additive 
G-invariant family andU G Cg,/^ G Vp{£,G). Then 
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(1) P£{T>,U,F) > hll\F,U) + n{T)) and i/ /i(D) > -oo then P£(D,F) > 
4^)(F)+/i(D). 

(2) supp(T>) < P£(D,U,F) < h'fJp(F,U) + supp{'D) and if supp{T>) = -oo then 
P£(D,F) = -^. 

Proof. The proof is similar to that of Proposition 15.61 and Proposition 15.81 except 
that if supp(D) = — oo then P£(D,F) = — oo. In fact, if supp(D) = — oo then by 
the inequahty 

supp(D) < P£{-D,U,F) < ;i^(F,W) +supp(D) 
one has ^^(D, V, F) = — oo for each V G , which imphes ^^(D, F) = — oo. □ 

Moreover, as for our main results Theorem 17. II and Proposition 17. 71 we have: 

Theorem 10.2. LetlA £ C^. Assume that (r2,J^, P) is a Lehesgue space andlA is 
factor good. 

(1) //D = {dp : F G J^g} ^ L^(fi,C(X)) is a sub-additive G -invariant family 
satisfying the assumption of then 

P£(DM,F) = max [/i|,';V(F,Z^) +m(D)] = max [/^^(F,^^) + m(D)], 

supp(D) = max wfD). 

(2) If f e mn,C{X)) then 

P£(Df,U,F) - max [hlll{F,U) + [ fioJ,x)dii{Lj,x)] 

max \h[^\F,U)+ [ f(uj,x)dfi(uj,x)]. 

tJ.eVr{£,G) ^ j£ 

Proof. ([T]) The proof is just a re- writing of Theorem 1 7 . II and Proposition 17.71 (see 
also Remark l7.3p . 

([2]) This is just a special case of ([T]). In fact, if / G Lg (f^, d{X)) then obviously 
D-'^ is a sub-additive G-invariant family satisfying and ^(D^) — f{^, x)d^{uj, x). 
Thus, the conclusion follows from ([1]). □ 

Combined with Theorem l4.11l and Proposition llO.il a direct corollary of Theorem 
M3, is (see [III El and [75l Theorem 4.1] for the special case of G = Z): 

Corollary 10.3. Let T) = {dp : F e Fg} C L^(f7,G(X)) is a sub-additive 
G-invariant family satisfying the assumption of (4|k). Assume that {fl,F,¥) is a 
Lebesgue space. Then 

{— oo, if supp{'D) = —oo 

sup [4''^(F)-f m(D)], otherwise 

fi€Vw{£,G),fiir>}>-oo 

In particular, for each f G h^ifl, G{X)) one has 

P£{Bf,F)= sup [h^;-\F)+ [ f{cj,x)dfi{u;,x)]. 

fj.eVr{£,G) J£ 
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Excepting the discussions in ij9l given a sub- additive G-invariant family D, it 
may not be easy to check whether D satisfies 

In the remainder of this section, we will discuss the special case where the group 
G is abelian, which shows us that to some extent this assumption is quite natural. 

Proposition 10.4. Let D = {dp ■ F e Tq} Q Ll{fl,C{X)) be a sub-additive 
G-invariant family. If G is abelian then D satisfies the assumption o/(<|k). 

Remark 10.5. Observe that the special case of G ~ "Z in the absolute setting was 
first obtained by Cao, Feng and Huang \\\\ Lemma 2.3], and so Theorem 1.1] 
(see also |74l Theorem 6.4] and its local version [74( Theorem 4. 5] J follows from 
Corollaru \10.3\ (and its local version Theorem ] 10.2\) . 

Before proving Proposition 110. 4[ we make the following observation. 

Lemma 10.6. Let B = {dp ■ F e Tg} C Ll{n,C{X)) be a sub-additive G- 
invariant family and T ^ Tg,^ > ^- Assume that G is abelian and the family — D 
is non-negative. Then, whenever n G N «s sufficiently large, there exists Hn C Fn 
such that \Fn \ Hn\ < 2e|F„| and, for F-a.e. w S fi, 

dF„ (w, < X! ^T{g{i^, x)) for each x €£^. 

Proof. As T E Tg and {Fn : n e N} is a F0lner sequence of G, if only ti G N 
is sufficiently large then there exists En G Fg such that Tg,g G En are pairwise 
disjoint, TEn C T„ = F„ n n i"'^n and |T^„| > |T„| - e|i^„|, |r„| > (1 - e)|F„| 

tGT 

(hence |Ti?„| > (1 — 2e)|i^„|). As D is a sub-additive G-invariant family, — D is 
non- negative and G is abelian, then, for P-a.e. cj G f2, 

dF„ (w, x) < dtT„ (w, x) + dp^\tT„ i^, x) (as tTn C F„) 

< dtTE„ (w, x) + dt(T„\TEr,) i^i x) (as TEn ^ Tn) 

< dtT{g{(^,x)) (as Tg,g G En are pairwise disjoint) 

(10.2) = '^Ttig{io,x))= Mtgiio,x)) 

geE„ geE„ 
for each t ^ T and any x E S,^. Summing up (jl0.2p over alH G T we obtain: 

(10.3) \T\dFA^,x)< Y dT{g{^,x)) 

geTE„ 

for P-a.e. uj G D, and each x G £u (observe that Tg,g G En are pairwise disjoint). 
The theorem follows by setting Hn ~ TEn- □ 

Now let us finish the proof of Proposition 110.41 

Proof of Proposition \10.4\ The proof is based on that of Proposition 
Let {i/n : n G N} C 'Pp{£) be a given sequence. Set 

Mn = |^-| X! ^^'^^ 71 G N. 
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By Proposition 14.51 there exists some sub-sequence {rij : j E N} CN such that the 
sequence {/i„j : j £ N} converges to some e Pp{£, G). Now we aim to check 

(10.4) limsupj^^ / dF„.{oj,x)dvnj{oj,x) < ^l{'D). 

As in the proof of Proposition 19.21 we may assume that tlie family — D is non- 
negative. Applying Lemma 110.61 to D we see that, if we fix T € 7g and e > 0, and 
if n e N is sufficiently large then there exists r„ C F„ such that |F„ \Tn\ < 2e|F„| 
and, for P-a.e. w G O, 

(10.5) dF„{u},x) < drigii^, x)) for each x S Suj- 

We see from this that we may assume without loss of generality that r„ C Fn 
satisfies lim -KH = 1 and, for P-a.c. w e fi, (|10.5p holds for sufficiently large 
n G N. Set 

Wn = 1 : gvn for cach large enough n e N. 

Observe that the sequence {finj : j £ N} converges to fi. By the choice of T„, n G N, 
it is easy to see that the sequence {w„^. : j € N} also converges to fi. Thus 

lim sup j^— / d_F„^ (w, x)diynj (w, x) 



< 



2 /■ 1 ^ 

lim sup—— / TTTTT dT{g{uj,x))dvn^{uj,x) (using dlMI)) 
lim sup—— / X! ^T(5('*J:a;))dj/„^. (a;,x) (by the selection of T„ J 



= lim sup — - /" dxiio, x)dwn^ {uj, x) (by the definition of Wn^) 

j^oo \T\ Jc 

(10.6) = — - f dT{io,x)d^{u},x) (as the sequence {w„^. : j G N} converges to fi). 

M I J£ 

Now recall our assumption that Fn E Ten E N. By (|10.6p we have 

(10.7) limsup— ^— I dp^,{uj,x)diyn^{uj,x) < [ dp^{uj,x)dfi{ui,x) 

for each n G N, from which (|10.4I) follows, once wc take the infimum over all 
n G N. □ 

11. Another version of the local variational principle 

Let D = {dp : F G J-q} ^ L^{Q,C{X)) be a monotone sub-additive G-invariant 
family. When G = Z and D = D-'^ for some / G L^(f], C{X)), Kifer [H] introduced 
the global fiber topological pressure using separated subsets with a positive constant 
e and proved that the resulting pressure is the same if we use separated subsets 
with a positive random variable e belonging to a natural class [441 Proposition 
1.10]. Observe that each (fi x V)^ with V G is factor good, and thus it is 
easy to see that our definition recovers Kifer's definition of global pressure (using 
separated subsets with a positive constant e). (The discussion is quite standard. 
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see for example |67l §7.2]). Hence, a natural question is whether, in analogy to [44j 
Proposition 1.10], is there a similar result for covers of not only a finite family but 
also a countable family in a natural class? This section is devoted to proving a 
result of this type. 

Denote by £| the set of all countable families U C (J^ x Bx ) H £ satisfying: 

(1) U covers the whole space £, 

(2) = {Uoj -.U eU} € Cl^ for P-a.e. w G and 

(3) There exists an increasing sequence {f2i C ^ • • • } ^ such that 

lim P(J1„) = 1 and lA n (fin x X) is a finite family for each n G N. 

Equation ([3]) may at first sight seem rather contrived. However, note that for a 
given a positive random variable e, ([3]) is just the counterpart of the following basic 
fact: 

lim P({w G n : e{uj) > -}) = 1. 

As we shall see, the class plays a role in our setting analogous to that of the 
positive random variables in Kifer's setting. 

Let U € €°g. It is not hard to see that the function N{U,uj) is measurable in 
w G fi. Now let D = {dp '■ F G J-q} C L^(r2,C(X)) be a monotone sub-additive 
G-invariant family. The definitions and notation related to C| can be extended to 
£|, including Ps{ui,T),F,U,¥) for each F € Tg and P-a.e. w G fi. In fact, let 
F G J^Gj for P-a.e. w G 51 as in Proposition 15. 31 Then we also have 

(11.1) P£(w,D,F,Z^,F) =min J ^ sup e'^^^'"'") : a(w) G P((Wf)..) 

Moreover, for each n G N set = ^/ n (0„ x X) U {(O^ x X)} n then G C|. 
It is now not hard to check that the sequence {Ps{oJ, D, F, W„, F) : n G N} increases 
to P£(a;, D, F, F) for P-a.e. w G fl. In particular, by Proposition 15.41 one has 
(observe that D is monotone and hence non- negative) : 

(1) for each F G J-g, the function P£(w, D, F, F) is measurable in w G fi. 
If, in addition, j^\ogN{U,oj)dV[uj) < oo then 

(2) {log P£ {lu, T), F,U,F) : F G J-'g} is a non-negative sub-additive G-invariant 
family in L^{n,T,P) and 

(3) for p : Jg R, P /o log P£(w, D, F, F)dP(w), p is a monotone non- 
negative G-invariant sub-additive function. 

From this, we also introduce 

P£(D,W,F)= lim [ logP£(L^,D,F„,Z^,F)dP(a.). 

With some standard arguments we can now introduce h\], \F,U) for each fi G 
Pp{£, G), and then similar to Proposition 15.61 it is easy to show 

(11.2) P£(D,W,F)> sup /iM(F,W)-FMD). 

All major results of the previous sections can now be carried out for the extended 
setting of this section. We single out only two of them as follows. 

In the above notation, we have a local version of [44l Proposition 1.10]. 
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Proposition 11.1. LetU G £| with the corresponding increasing sequence {Qi C 
il2 C • • ■ } C 7^ satisfying lim P(i7„) = 1 and lA H (fin x X) is a finite family for 

n— f oo 

each n G N. Define Un,n G N as above. // D = {dp ■ F G J^g} ^ L^(f7,C(X)) is 
a monotone sub-additive G-invariant family then 

/or eac/i F G J^?; P-a-e. a; G and any n G N, and, additionally, 

(11.4) lim P£(D,^Y„,F) =P£(D,Z^,F) 

n— >-cx3 

when J^\ogN{U,Lu) dP{Lo) < oo. 

Before proving Proposition II 1 . l"| we give the following remark. 
Let {Z, s) be a metric space, For each r > and any compact subset y C Z, 
denote by Nyi^r) the minimal number of closed balls of diameter r which cover Y. 

Remark 11.2. By the results from [44j . given a continuous bundle RDS, Nyir) 
is non-increasing and right continuous in r > and is lower semi-continuous in 
Y on the space 2^ equipped with the Hausdorff topology. Further, for any positive 
random variable e on (f2, J^, P) the map Ns^{e{uj)) is measurable in uj Cz Based 
on this, Kifer defined the class Af by e € Af if and only if 

(11.5) I log N£^{e{uj))d¥{uj) < oo. 

He proved that the global pressure using separated subsets with a positive constant 
e is the same if we used separated subsets with a positive random variable e G A/" 
[44( Proposition 1.10] (by the compactness of the state space X obviously the pos- 
itive constant must be contained in this class if it is viewed a constant function 
on {fl,J-,V)). Our assumption that J^logN{l/l,Uj)dF{iu) < oo in Proposition 
is just the analogue of ()11.5p in our setting (and it is natural if we are to de- 
fine P£(D,U,F) for 14 G C^y). In fact, with the help of Provosition (and its 
variation as in Remark \11.7\ l it is not hard to obtain |44i Proposition 1.10] using 
standard arguments as in [67i §7.2] . Here, we outline the basic ideas: 

(1) If e > is just a positive constant, and let Vi,V2 G such that 2e is 
a Lebesgue number of Vi and diam{V2) < e, where diam{V2) denotes the 
maximal diameter of subsets V2&V2, then it is straightforward to see: 

(11.6) P£(D, Vi,F) < P£(D,e,F) < P£(D, V2,F), 

here P£(D,e,F) denotes the Kifer's pressure using separated subsets with 
the positive constant e (for details see for example [44j j. This implies that 
our definition recovers Kifer's definition of global pressure using separated 
subsets with a positive constant. 

(2) Now if e is a positive random variable satisfying (jll.5[) . it is not hard to 
obtain another positive random variable ei < e satisfying (|11.5p such that 
ti is the form of 

ei = y^Qilg,, 

where I is a countable index, > for each i E I and {Qi : i G /} C 
forms a countable partition of fl (i.e. fli H flj — whenever i ^ j for 
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i,j e / and IJ Q,i = Q.). From this it is easy to construct V G such that 



where Vi € Cx satisfies diamiVi) < Oi for each i d I . As in (|11.6p one has 
P£(D,e,F) <P£(D,V,F), 



and by Provosition \ll.l\ (and its variation as in Remark \1 1.7^ , we obtain 
[44l Proposition 1.10] in the setting of Kifer. 



Now we prove Proposition 111.11 



Proof of Proposition l 1 1 . 1[ First we establish (|11.3|) . 

Let F £ Fg, cj e with N{U,guj) finite for each g E F and 7i £ N be fixed. Set 



F^ ^ {g e F : guj e n^} and F^ ^ {g e F : gu e n\ f7„} = F \ F\ 

By the construction of Un one has 

P£(l^,D,P,W„,F) 
= infJ J2 e'-^^'^^ ■.aiu;)eP£^,aioj)h{{Kn)F)u 

= inf i sup e'^^('^'^) : a(a;) 6 Pg^ , 



a(w) ^ V Fg-i^gUU„)g^ \ (using gH)) 



(11.7) = inf J Y s^P ^""^^"'"^ ■ "(^) e P£.,a(^) ^ V Fa-\a^^a^ 

I A(Li;)eQ(Li;) 
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Moreover, 

Pf(w,D,F,i^,F) 

< inf J sup e''^('^'^) : 

< inf \ sup e''^("'^) : a(a;) € a(a;) >r W^^i 

inf i Y 1 ■ '^('^) ^ ' '^('^) ^ 

[s(a;)e/9(w) 

<P£{i^,-D,FMn.'P)-N{UF2,Lo) (using gH) and (ITTJl) ) 
<P£(c^,D,F,Zi„,r)- J] N{U,gio), 

which implies the conclusion. 

Next we prove pi.4p . It is not hard to check that the sequence {P£(D,W„, 
F) : n G N} is increasing and each member is less than PgiTi^lA, F), that is, 

(11.8) P£(D,W,F) > lim P£(D,W„,F). 

n— )-oo 

For the other direction, by (|11.3p . for each n G N we have 
P£(D,iY,F) 

<P£(D,iy„,F)+limsup^ / ^n\nM\ogN(U,gLo)dF{u:) 

rn^oo \-fm Jn ^ „ 

(11.9) =P£(D,iY„,F)+ / ln\nA^)'^ogN{U,Lu)dF{io). 

Jn 

Now if [^\ogN{U,uj)dP{uj) < oo, by the assumption that lim P(n„) = 1 one has 

n— >oo 

lim [ ljj\o„(w)logiV(i^,c^)dP(w) =0. 



Hence, using (jll.Qp . 

P£(D,W,F)< lim P£(D,W„,F). 
Combined with (|11.8p . this proves the conclusion. □ 

Thus we have the following general version of the local variational principle. 

Theorem 11.3. LetU & €°£ with VL n andUmn G N as in Proposition \l 1 . 1\ Assume 
that (r2,7^, P) is a Lebesgue space and each Umn £ N is factor good. IfT) = {dp ■ 
F G J-g} Q L^(r2,C(X)) is a monotone sub-additive G -invariant family satisfying 
(4) and J^\ogN{U,uj)dF{uj) < oo then 

P£(D,W,F)= sup [/i(:)(F,W)+Ai(D)]. 
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Proof. Obviously for each 71 G N we have 

sup [/iW(F,W)+M(D)] > sup [/iW(F,W„)+/^(D)] =F£(D,iY„,F), 

fj.eVr{£,G) fj.eVr{£,G) 



where the last identity follows from the assumptions and Theorem 1 7. II Thus 
sup [/i|;)(F,W) + /i(D)] > P£(D,W,F) (using Proposition [ITl]). 

Combining with (|11.2p . we obtain the conclusion. □ 
Question 11.4. Under the assumptions of Theorem l 1 1 . 3[ do we have 
(11.10) P£(D,W,F)= max [/^W(F,W)+A^(D)]? 

Observe that in Theorem \7.1\ (and its variation Theorem ] 10.2\) . the supremum can 
be realized as a maximum by direct construction. 



Remark 11.5. By Theorem \ 6.9l one simple case when W G £| satisfies the as- 
sumptions of Theorem [ll.3\ is: U E iZ^ has the form U{(Aj x Vi) n £ : i G N} for 
{H : i G N} C C°x and {A, : i G N} C J" with A, n Aj ^ $,i ^ j and \J A^ = n 

iGN 

satisfying IP(^i)|Vi| < 00. 

Remark 11.6. We should remark that as in the discussions in m(A it is easy to 
see that if G admits a tiling F0lner sequence then 

(1) Provosition \ll.i\ holds for a sub-additive G -invariant family D = {dp : F G 
Tg} C mn,C{X)) and 

(2) Theorem ] ll.S\ holds for a sub-additive G-invariant family D — {dp ■ F G 
J"g} C L^(17,C(X)) satisfying (4). 

Remark 11.7. As commented in Remark \ 1. let U G £g as in Proposition [TT7J\ 
and Theorem[TrEwith J^logN{l{,uj)dF{Lu) < 00 and f E L^(rj,C(X)). Then 

limsup^ [ \ogP£{uj,-Df,Fn,U,F)dF{uj) 

= sup [h'^^\¥M)+ I f{^,x)dii{Lo,x)]. 

Hence, in the case where G admits a tiling F0lner sequence as in Remark \11.6[ it 
equals the following limit (as in previous discussions, the limit must exist) 



hm / logP£iuj,-Df,F^,U,F)d¥{uj). 

«->oo |i-„| 
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Part 3. Applications of the Local Variational Principle 

In this part wc give some interesting applications of the local variational prin- 
ciple established in previous sections. Namely, following the line of local entropy 
theory (see the recent survey [32] of Glasner and Ye and the references therein), 
we introduce and discuss both topological and measure-theoretical entropy tuples 
for a continuous bundle RDS. We then establish a variational relationship between 
them. We apply our results to obtain many known theorems and some new ones 
in local entropy theory. 

12. Entropy tuples for a continuous bundle RDS 

Following the line of local entropy theory (cf [32]), based on the local variational 
principle for fiber topological pressure established in previous sections, we introduce 
and discuss entropy tuples in both the topological and the measure-theoretical 
setting, for a given continuous bundle RDS, and establish a variational relation 
between them. 

Let M e rv{£,G) and (.ti, • • • ,a:„) G X"\ A„(X), here A„(X) = {[x'^, •••,<): 
x'i = ■ ■ ■ ~ x'^ & X}, 71 e N \ {1}. (xi, • • • , Xn) is called a 

(1) fiber topological entropy n-tuple ofF if: For any m £ there exists a closed 
neighborhood Vi of Xi of diameter at most ^ for each i = 1, • • • ,n such 

that V = {Vf,--- ,V^} e C°x and /i^(F, (17 x V)^) > 0. Equivalently, 
whenever Vi is a closed neighborhood of Xi for each i = 1, ■ ■ ■ ,n satisfying 

V = {Vf, • ■ • , } G then htliF, (n x V)^) > 0. 

(2) fi-fiber entropy n-tuple of F if: For any m £ N, there exists a closed neigh- 
borhood Vi of x-i with diameter at most — for each i = I,-- - ,n such 

that V = {Vf,--- ,V^} e C^, and /i[r^(F,(0 x V)^) > 0. Equivalently, 
whenever Vi is a closed neighborhood of Xi for each i ~ 1, ■ ■ ■ ,n satisfying 

V = {Vf, • ■ • , Kf} e C°x then hl:\F, {fi x V)^) > 0. 

Denote by pEn \£,G) (here we denote by P the state system (Cl,T,V,G)) and 
Enji{£, G) the set of all fiber topological entropy n-tuples of F and /x-fibcr entropy 
n-tuplcs of F, respectively. 

From the definitions, it is not hard to obtain: 

Proposition 12.1. Let fi e 'Pp{£,G) and n e N \ {1}. Then both pEi[\£,G) U 
An{X) and Ei[l{£,G) U A„(X) are closed subsets oj X"" . 

Before proceeding, we need: 

Lemma 12.2. Let {YjV^VniG) be an MDS, C Q D a G-invariant sub-a-algebra 
and a £ Py, where [Y^D, Vn) is a Lebesgue space, rt G N. Assume that < -^ji < 
l,n G N satisfy ^ A,i = 1. Then 

nGN 

(G,a|C) = ^A„/i,„(G,a|C). 
new 

Proof. The case where there exist only finitely many n G N with A„ > follows 
directly from Lemma 18.51 Now we consider the case where there exist infinitely 
many n G N with A„ > 0. Without loss of generality, we may assume A„ > for 
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each neN. Let n G N. Set A = J2 and = J2 Then (F, X», G) 

m— n+1 rn— n+1 

n 

is also an MDS, {Y,V,v) is also a Lebesgue space and ^ An^'n — X! -^^^j + 
and hence 

n n 

^A,V(G,a|C) < Y.^MG,a\C) + \K{G,a\C)^h^x^.AG,a\C) 

z— 1 i— 1 

n CO 

< Y.^MG.a\C) + \a\ A„. 

2—1 m— n+1 

Then the proof follows by letting n — > oo in the above inequalities. □ 

Thus, we have the following variational relation between these two kinds of 
entropy tuples. 

p 

Theorem 12.3. Let ?i e N \ {1} and < Ai, • • • , Ap < 1 satisfy ^i^'^iP ^ N. 

1=1 

(1) If^i e rr{£,G) then Ei''l{£,G) Cp Ek'\£,G). 

(2) Assume that (f2, J-", P) is a Lebesgue space. Then 

(a) if fii, ■ ■ ■ , fip € VfiSjG) then 

E^^-l i£,G) = [jEi%i£,G). 

(h) rEi[\£,G)= U i?rll(^,G). 

Proof. ^ is a direct corollary of Proposition 15.61 Now let us prove ^ . 

(|2aP The containment D follows directly from Lemma 112.21 In fact, it is also 

easy to obtain the containment C from Lemma 112.21 
p 

Set = J2 ^it^i ^'^id Ist (xi, • • • , Xn) e En/^{£, G) . For any ?7i e N there exists 
i=i 

a closed neighborhood V^™ of with diameter at most ^ for each i = 1, • • • , n 
such that V" = {(VY")S • • • , (KD''} e and /il,''^(F, {VL x V™)^) > 0, and so, by 
Lemma[I12J /i{r,^(F, {n x V'")^) > for some j £ {1, ■ • • Clearly there exists 
J e {1, ■ • • ,p} such that h^^]{Y, {Vt X V™)^) > for infinitely many m G N, which 
implies (xi, • • ■ , a;„) S En^lj{£, G). 

(|2bp Let (xi, • ■ • , Xn) Gp En\£, G). Then for any m G N there exists a closed 
neighborhood of Xi with diameter at most — for each i = 1, • ■ • ,n such that 

V™ = ,{V;^T} e C^^ and /i^(F, (r2 x V'")^) > 0. Observe that 

{il,J-',F) is a Lebesgue space, using Proposition 16.91 one has that (ft x V™)^ G 
C| is factor good and so by Theorem 17.11 there exists G Pp{£, G) such that 
^^(r, (f^ X V")£) > 0. Now set = ^ Obviously, ^ G Pp(f ,G) and 

/iW(F, (1] X V™)£) > ^/iW (F, {n X V™)£) > 

for each to G N (using Lemma [12. 2p . which implies (xi,--- ,x„) G En}i{£,G). 
Finally, combined with ([T]) we claim the conclusion. □ 
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In fact, we can prove: 

Theorem 12.4. There exists fi G VriS, G) with pE^PiE, G) = E';^}^,{£, G) for each 
rieN\{l}. 

Proof. By Theorem 112. 3[ for each n G N \ {1}, there exists a dense sequence 
■ • • , x™) : TO G N} Cp E^n'^ (f, G) with (x^", • • • , x™) G e'^^^^ {£, G) for some 
^i^^Vr{£.G). Set ^ ^ " 

rieN\{l} mGN 

Obviously, /i G 7'p(i?,G'). By standard arguments used in the proof of Theorem 
[T^ it is easy to check that (xf , • ■ • , x;^) G E^ni{£, G) for each n G N \ {1} and 
any to G N. Now using Proposition 112. ll bv the selection of (a;™, • ■ • ,a;™),n G 
N \ {1}, TO G N it is easy to claim that has the required property. □ 

The foUowing result tells us that both kinds of entropy tuples have the properties 
of lift and projection. 

Proposition 12.5. Let the family F; = • (^i)w ^ {^i)gi^\g G G,w G 51} 

be a continuous bundle RDS over (Cl,J-,V,G) with Xi the corresponding compact 
metric state space, i = 1,2. Assume that n : £i ^ £2 is a factor map from Fi 
to F2 and n G N \ {l},/-i G 'Pp(£i,G). If -k is induced by a continuous surjection 
4> : Xi — !■ X2 (i.e. TT : {lo, x) i~->- (lu, (jyx) ), then 

(1) E^r[}^^{£2. G) C (,/, X • • • X c^)eI:1{£i,G) C eI:X^,{£2,G) U A„(X2). 

(2) vE^r[\£2,G) C (0 X • • • X 4>)rE';:\£i,G) Cp eI:\£2, G) U A„(X2). 

Proof. As the proofs are similar, we shall only prove ([T]). 
The proof follows the ideas of [4] . 

First, let (xi,--- ,x„) G i;^"), 1 , G) with ((/)(xi),--- ,0(x„)) G \ A„(X2). 
As (xi,-- - ,x„) G En,l,{£i,G), for any M G N there exists a closed neighbor- 
hood Vj^^ of Xi with diameter at most jj for each t = 1, • • ■ ,n such that V 



of Xi with diameter at most jj for each i = 1, • • ■ ,ri such that V^^ 

{{Vfy, ■ • • , (Kf )''} G and /i^'''(Fi, {fl x V^OeJ > 0. Now let to G N and say 
Vi C X2 to be a closed neighborhood of 0(xi) with diameter at most — for each 
i = 1, ■ ■ ■ ,n such that V = { Vj^, • • ■ , G C^f^ ■ By the continuity of (j>, once M 
is sufficiently large, (j)~^Vi D V^^ for each i = 1, • • ■ , n and so 

/iW(Fi,^-i(fix V)£j>0 

(observe that tt is induced by and from the construction, one has 7r~^(ri x V)£2 
(fl X V^)£j, thus 

4';)(F2,(f7xV)£j>0 

(using Lemma . This just means (0xi, • • • , 0x„) G En\^i(£2^ G). 

Now let (yi, ■ ■ ■ ,yn) G EnX^{£2,G). For any to G N there exists a closed 
neighborhood Vi of j/i with diameter at most for each i = 1, • • • , n such that 

V = {(14)", • • • , (K)"} e C^, and /il.';](F2, x V)^,) > 0. For each z = 1, • • • ,n, 
obviously we can cover (/)~^(K;) by finite compact non-empty subsets Vi .,■ ■ ■ , V^^ C 
(/)~"'^(l/^i), /c; G N with diameter at most For any ji 1, • • • , fc^, i = 1, ■ • • , n, set 

W,,,..,,„ - {(Jlxyfr :z-l,-- - ,n}GQ,. 
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Observe that, for each i = 1, ■ ■ ■ ,n, 

ki 

(12.1) {ny.r^v,r = C\{^-xviY. 

First, by <\12.\\ one has 

fci 

7r-i(f7xV)£, ^ \/{(r!xl^/nu{(r!x0-Vzr :Z = 2,-.- ,n} 

and so 

< /i|;)(Fi,7r-i(r2 X V)£,) (using Lemma 

< /i|:)(Fi, X ^/n u m x r V/)^ : z = 2, • • • , n}) 

< J2hl^HF^,{inxVir}U{{nxr'Vir--l = 2r--,n}), 

where, the last inequahty uses Proposition 13. 1[ thus 

h'-;HF,,{{n X V^^n U {{n x r^^)^ : Z - 2, • • • , n}) > o 
for some si G {1, • • • , fci}- Now again by (|12.ip one has 

{{n X V^'')"} U {{n X <?i- V/)'^ : Z 2, • ■ • , n} 

is coarser than 

k2 

ym X vm u {(i^ x i/^^n u m x r'vir : / = 3, • • ■ 

similarly, 

;iW(Fi, {(f] x V^^O' : J = 1, 2} U {(17 x 0- V/)^ : Z = 3, • ■ • , n}) > 
for some S2 G {1, ■ • ■ , ^2}- After finitely many steps, one has 

/i(:)(Fi,w.,,..,.j>o 

for some Sj G {1, • • ■ , fcj}, j = 1, • • ■ ,n. In conclusion, there exists {{W"^Y : i — 
1, • • ■ , G C^-^ such that 

(a) 4'^^(Fi,W™) > 0, where = {{VL x W^^f : i = 1, • • • , n} and 

(b) for each i = 1, - ■ ■ , n, both VF™ and (/)(W7") have diameters at most ^ and 
the distance between yi and cj){W^) is also at most ^. 

From (6), for each i = 1, • • • , n, {W^™ : m G N} converges to some point Xi G Xi, 
moreover, it is obvious 0(x,;) = y,; (using (&) again, recall that : Xi X2 is 

continuous). Our proof wiU be complete if we show that (xi, • • • , Xn) G i?i'^(£i, G). 

In fact, for any p G N there exists a closed neighborhood Wi of cc^ with diameter at 
most i such that {M^f , • ■ • , VF^} G C^,^ . Obviously, once m G N is sufficiently large, 

W;'^ C for each i = 1, • • • , n and so /iJT^ (Fi, W) > where W = {(fl x W^)^ : i = 
1, • • ■ ,ri} (using (a), observe W ^ U™). This implies (xi, • • ■ ,x„) G Enl,{£i,G), 
which completes the proof. □ 

Moreover, we can show: 
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Proposition 12.6. Let fi e Vp{£, G) andneN\ {1}. Then 

(1) E^^liE, G)^$ if and only if h^^\F) > 0. 

(2) pE^n\£, G)^^ if and only if h^tX{¥) > 0. 

Proof. By similar arguments to tlrat in the proof of Proposition ! 1 2 . 5l using Theorem 
14.111 it is not Irard to verify ([T]), and from tire definitions it is not hard to obtain 
(HI). (We omit the details). □ 

By a topological dynamical G-system (TDS) {X, G) we mean that X is a eompaet 
metric space and G is a group of homeomorphisms of X with ec acting as the 
identity. 

As a direct corollary of Proposition 112.51 one has: 

Proposition 12.7. Let fi G VviS, G). IfF is induced by a TDS {X, G) (i.e. Fg^^ is 
just the restriction of the action g over £uj for P-a.e. uj £ n), then both E^n}^{£,G) 
and pEn\£,G) are G-invariant subsets of X" . 

Let (cci, • • • , Xn) e X"\ A„(X), n G N\{1}. (.ti, • • • , Xn) is called a fiber n-tuple 
of F if for any m G N there exist il* G and a closed neighborhood Vi of Xi 
with diameter at most ^ for each i = I, - ■ ■ ,n such that V — {Vf, • • • , V^} G Cx, 

n . 

P(f7*) > and n {^} X V", n f " ^ for each cj G fi*. Denote by ^E^n' {8) the set 

2=1 

of all fiber 7i-tuples of F. It may happen rEn\£) = 0: for example, £^ is just a 
singleton for P-a.e. a; G fi. 

As in Proposition 112. ll we have (combining with our definition): 

Proposition 12.8. Letn en\{l}. Then pE^P {£)U An(X) C \J £:^UA„(X) is 

a closed subset. Moreover, ifF is induced by a TDS {X, G) then the subset pEn\£) 
is G-invariant. 

As in the proof of Proposition 112.51 we obtain: 

Proposition 12.9. Let the family Fj = {(i^Og.w • {£i)guj\g & G,0J G fl} 

be a continuous bundle RDS over (f2, P, G) with Xi the corresponding compact 
metric state space, i = 1,2. Assume that tt : f i — > £2 is a factor map from Fi to 
F2 and nGN\{l}. If n is induced by a continuous surjection (j) : Xi — > X2, then 

pEl:H£2) C (0 X • • • X <l>)pEl['>{£i) Cp El^\£2) U A„(X2). 

Before proceeding, we observe: 

Lemma 12.10. Let Vi, ■ ■ ■ ,Vn G Bx ,n € N\ {1} . Then 

71 

i}{Vu- ■■ ,Vn) = {ujen: Y[{uj} xV,n £'" = 0} G J". 

i=l 

Proof. Assume that tt : Vl x X ^ Vl is the natural projection. Using Lemma [4.21 
we have 

n n 

17o = {w G O : Y[{uj} xVin£" ^9}=f] TT{n xV,n£)(ET. 

1=1 i=l 

Observe Qo^nX Q{Vi, • • • , K), one has n{Vi, • • • , 14) G J". □ 
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Lemma 12.11. Let ft* e T and V = {Vf,--- ,V;f} e Cx,n e N \ {1}. Set 
U = {{n* xV^Y : i ^ I,-- - ,n} and W = {(O' x : i = 1, ■ • • , n}, where 

n' n* \ n(yi,--- Then 

(1) U yi^' and Ua; ^ U^, (and hence >z Uui) for each a; G fi. 

(2) /i^(F,W) = h'fJp(F,U'). In particular, i//i^(F,^) > then P(rj') > 0. 

(3) ^f^le Vp{£,G) then h^;\F,U) = hi'\F,U'),h'^;l{F,U) = h'^;\iF,U'). 

Proof. ([T]) We only need check that £^ G for each u G il{Vi, - ■ ■ ,Vn) as, from 
the constructfon of U' , it is clear that {£t^} = Ul, for each lj G f^(Vi, • • • , V^). In 
fact, if w G ^{Vi, ■ ■ ■ , Vn) then {w} x 1/j n £ = for some i G {1, ■ • • ,n}, which 
implies £^ C Vf , particularly, 

Combining ProDOsition l3.11 Lcmma lTSl Proposition IS . 8l and the definitions, both 
(HI) and © follow directly from □ 

Thus, we have: 

Proposition 12.12. Let • • • , a;„) G X" \ A„(X), n G N \ {1}. Then 

(1) (.Ti, • • • ,x„) Gp En\£) if and only if whenever Vi is a closed neighborhood 
of Xi for each z = 1, • • • , n such that {Vf, • • • , V^} G C°x then V{Q.{Vi, • • • , 

Vn)) < 1. 

(2) pEn\£,G) Cp En\£). 

(3) Assume that (51, J^,P) is a Lebesgue space. Then (xi, • ■ • ,a;„) G En,li{£,G) 
if and only if whenever Vi is a closed neighborhood of Xi for each i = 
1, ■ • ■ ,n such that {Vi , ■ • ■ , V^} G C ^ then there exists fl* G such that 
h^if^\F , a) > for each a G satisfying a^lA, where lA = {(il* x YiY ■ 
i = 1 , • • • , n} . 

Proof (P), ^ and © follow from Lemma [TTTOl Lemma [T2T1] and Theorem EH 
respectively. □ 

hi the remainder of this section, we equip with (f2,J-', P) the structure of a 
topological space. Before proceeding, we need some preparations. 

Let y be a topological space and i/ a probability measure over {Y,By)- Denote 
by supp(i^) the set of all points y GY such that ^(F) > whenever V is an open 
neighborhood of y. Thus, supp(j^) C F is a closed subset. 

Observe that if is a topological space with T = Bq, then each fi G Pp{£,G) 
may be viewed as a Borel probability measure over the topological space Q x X. 
From the definition, it is easy to check: 

Lemma 12.13. Let ii G 'Pp{£, G) and n G N \ {1}. Assume that D, is a topological 
space with J- — Bn- Then supp{X^'^ (fi)) C supp{ii)'^ C [supp{¥) x X)". 

We also have: 

Lemma 12.14. Let fi eVp{£,G) and ((wi, xi), • • • ,{ujn,Xn)) & supp{\^'^{fj.)),n £ 
N\ {1}. Assume that is a Hausdorff space with T = Bn- Then wi = • • • = w„. 

Proof. From the definitions, it is easy to see that, whenever yl^ G (-F x Bx) H £ 
satisfies Ai <Z x X for some Vli G J- (for each i = 1, • • • , n), observe that 

[VLi X X)r]£ eTs CV^^ {£, {TxBx)r\£, fi, G) 
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for each i = 1, ■ ■ ■ ,n, and so 

n ^ n 

^nHt^)(\lA) = l[^I{A\r^'^{s,{TxBx)n£,^i,G))d^l 

i=l •'^ 2=1 

p n 

< / n ^ ^) ^ ^1^'^' (-^ ^ ^ ^))^/^ 

„ 71 71 

n n 

hence if P( fl ^^») then \^^{ii){Y\ A,) = 0. 
1=1 1=1 
Now, for ((cji, Xi), • • ■ ,(w„,x„)) e f " , if uji ^ loj for some I < i < j < n 
then obviously there exist open neighborhoods fli respectively) of Xi {xj, 

respectively) such that 17^ n f2j =0. Thus 

n (f^xx)n£:x J|(i]pxX)nf) = o, 

fee{l,--- j'} P=i,j 

which implies ((aji,xi), • • ■ , (cl)„,x„)) ^ supp(A^'^ (/^)). This finishes our proof. □ 
Hence one has: 

Theorem 12.15. Let ^ e Vp{£,G) and (xi,-- - ,x„) £ X" \ A„(X),n e N\ {!}. 

(1) Boi/i (a) and (c) imply (b). 

(2) If n is a Polish space with J- = Bn then (a) <==^ (b). 

(3) If n is a compact metric space with J- = Bq, then (a) (6) (c). 

(a) (xi,--- ,Xn)€E'^[l{£,G). 

(b) // a Borel neighborhood of Xi for each z — 1, ■ • ■ , n i/ie?i 

71. 

A;r"(M)(n" ^ F,nf") >o. 

1=1 

(c) There exists a; G 51 smc/i i/iai ((aj,xi), ■ • • , (a;,x„)) G supp{\^^ {^)) . 

Proof. (HI) (a) =^ (fo) follows from Lemma [3. 11 l and (c) obviously implies (6). 

© If 51 is a Polish space with F = Bn then (51, P) is a Lebesgue space, and so 
(fe) (a) follows from the definitions and Theorem 13.131 Hence, combining with 
dll), one has (a) (6). 

([3]) Now assume that 51 is a compact metric space with T ~ Bn- By ([T]) and ([U, 
it remains to show (b) (c). 

For each a; G 51 and r > denote by B{uj,r) the open ball of 51 with center uj 
and radius r. For any to G N, let V"^ be a Borel neighborhood of Xi with diameter 
at most for each i ~ 1, ■ ■ ■ ,n. By the assumption that 

n 

A^^(A^)(n^x^/"n£:")>o. 

1=1 
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Observe that is a compact metric space. Obviously 51™ ^ 0, where 

Set il* = Pi flrn- Then O* C fi" is a non-empty subset, as 51" is a compact 

metric space and for each mi e N there exists M G N such that if m > M then 
ri„i C ri„ij. Moreover, whenever (wi, • • • ,cj„) G fl* then • • • , (cj„,a;„)) G 

supp(A^'^ (/.()) (and hence, using Lemma 112.141 oji = ■■■ = cj„): in fact, for any 
(wi, • • • , cj„) G ft* let y be a Borcl neighborhood of {{uji,xi), • • • , (a;„,x„)). It is 
clear that once m G N is large enough, there exists (w™, • ■ • , w™) G ilm such that, 
if Vi is the closed ball in X with center x, and radius — for each i = 1, • • • ,71 then 

n 

n B{lu,, i) X V^i C and hence Xf,''{^l){V) > 0. This finishes the proof. □ 

4=1 ™ 

As a direct corollary of Theorem ll2.3l and Theorem ll2.151 one has: 

Theorem 12.16. Let /i G Pp{£, G) and n G N \ {1} with 7r„ : (51 x X)" ^ X" i/ie 
natural projection. Assume that is a compact metric space with T = Bn- Then 

El[li£,G) = T:,,{supp{\^^{p))) \ A„(X), 
rE^:^ {£, G) = 7r„ I |J supp{\^^ {v)) \ A„(X). 

13. Applications to a general Topological Dynamical System 

In this section, we apply results obtained in the previous sections to the case 
of a Topological Dynamical System (TDS). We recover many recent results in the 
local entropy theory of Z-actions (cf [H |6l [32l |34j [36l [37]) and of infinite countable 
discrete amenable group actions (cf [23 )• We also prove new results, some of which 
are novel even in the case of infinite countable discrete amenable groups, for example 
Theorem [T3T1 Theorem [TOl etc. 

Let (y, G) be a TDS. Denote by V{Y, G) the set of all G- invariant elements from 
ViY) which we suppose equipped with the weak star topology. Then V{Y, G) is a 
non-empty compact metric space and, for each u G V{Y), {Y,By,i^) (also denoted 
by (Y.Bytv) if there is no any ambiguity) is a Lebesgue space, where By is the 
:^-completion of By- 

Recall that tt : {Yi,G) ^ (>2,G) is a factor map from TDS {Yi,G) to TDS 
(y2, G) if TT : Yi — ^2 is a continuous surjection compatible with the actions of G 
(i.e. TT o g{yi) ^ go 7r(j/i) for each g G G and any yi G Fi). 

Let TT : (Yi,G) (>2,G) be a factor map between TDSs and W G Cyi,vi G 
V{Yi, G). Observe that the sub-cr- algebra Tr~^BY2 ^ is G- invariant, so we may 
introduce the measure-theoretic vi-entropy ofW relative to ir by 

V(G, W|7r) = h,,{G,W\7:~^BY,) = h,,^+{G,W\n~^BY,), 

where the second equality follows from Theorem 13. 3) since (Yi, Byi, i^i) is always a 
Lebesgue space. Finally, the measure-theoretic vi-entropy of {Yi,G) relative to tt 
may be defined as 

V(G,Fi|7r) = h,^{G,Yi\7T-'BY,). 
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Now assume that W G Cy^. For each 2/2 G I2 let N(W,tt ^1/2) be the mimmal 
cardinahty of a sub-family of W covering 7r~^(y2) and put 

iV(W|7r) = sup N(W,n-'^y2). 

1/2 SYb 

It is easy to see that 

log N{W,\7r):TG^R,F^ log NiWpk) 

is a monotone non-negative G-invariant sub-additive function, and so by Proposi- 
tion 12.21 we may define the topological entropy of W relative to tt by 

htopiG,W\TT) = lim ^log7V(>VF„k). 

Last, the topological entropy of (Yi, G) relative to tt may be introduced as 
/itop(G,Yi|7r) = sup /itop(G,>V|7r). 

In fact, more generally, given a monotone sub-additive G-invariant family D = 
{dp : F G J-g} ^ G(yi), where C{Yi) denotes the space of all real-valued continuous 
functions on Yi , and the concepts of monotonicity, sub-additivity and G-invariance 
for functions arc introduced similarly, we can introduce 

P^iy2,D,F,W) =mi\j2 sup e''^^^) : a G Py, , a ^ Wf 1 

for any 1/2 G Y2 and each F G Fq and 

P,(D,>V)= lim ^ sup logP,(y2,D,F,>V). 

It is not hard to check that these concepts are well-defined. We may further define 

P,(D)= sup P.(D,W). 

Let TT : (ri,G) ^ (>2,G) be a factor map between TDSs, vi G 7'(Yi,G) and 
(xi,--- ,x„) Gl7^\A„(Yi),nGN\{l}. (a;i,-- - ,a;„) is called a: 

(1) relative topological entropy n-tuple relevant to tt if for any m G N there 
exists a closed neighborhood Vi of Xi with diameter at most — for each 
i^l,--- ,n such that V = {^f , • ■ • , V;^} G C^^ and /itop(G, V|7r" > 0. 

(2) relative measure-theoretical vi-entropy n-tuple relevant to tt if for any to G N 
there exists a closed neighborhood Vi of Xi with diameter at most — for 
each i = 1, • • • , n such that V = {Vj^ • • • , V;'^} G C?,^ and (G, V|7r)"> 0. 

Denote by i?„(Fi, G|7r) and E'^^ {Yi, G\ti) the set of all relative topological entropy 
n-tuples relevant to tt and relative measure-theoretical z^i-entropy n-tuples relevant 
to TT, respectively. Remark that these definitions recover the definitions of these 
terms introduced in [il 1^ [Ml [Ml [57] . 

Now let TT : (Fi, G) (>2, G) be a factor map between TDSs, V2 G V{Y2,G),V G 
and D — {dp : F G Fq] G C{Yi) a monotone sub-additive G-invariant family. 
For each g E G and any 1/2 G Y2, set 

-^s'^M • {2/2} X 7r"^(j/2) -> {52/2} X Tr~^{gy2), (y2,2/i) ^ (52/2,52/1) 

and 

^'tt = {(2/2, yi) G ^2 X Fi : 7r(?/i) 2/2}- 
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It is easy to see that Et^ is a non-empty compact subset of I2 x Yi, and G acts 
naturaUy on One checks that the family 

= {Kv. ■■ {^2} X ^-Hy2) ^ {gy2} x 7r-'{gy2)\g €G,y2e Y2} 

forms a continuous bundle RDS over MDS {Y2,By2,^2,G) with {Y2,By2,^2) a 
Lebesgue space, and the family D may be viewed as a monotone sub-additive 
G-invariant family D'^ = {dp : F e To} C L^^{Y2,C{Yi)) by a natural map 

dF{y2,yi) = dp{yi) for any (2/2,^1) e 
For each £ V, we can introduce 

(13.1) = {i7:yi,yi):yieV} = Y2xVn£^, 
and so 

(13.2) = -.V eV} eCs^. 

In fact, if V G Cy^ then it is simple to see that G C| . From now on, for the 
state space (I2, ^Sy^ ,V2,G) we shall denote 

.,/i^(F-, V^),., /i^(F-)„, (D^ V^ F-),., Pg, (D^ F-) 

as the fiber topological entropy of F'^ (with respect to V^) and the fiber topological 
D'^-pressure of F'^ (with respect to V^), respectively. 

Moreover, there is a natural one-to-one map between V^^i^^i and 

{i^i G P(yi, G) : ^ui = V2} (denoted by P,,(yi, G)), 

a non-empty compact subset of 7'(Yi,G), as £^ is identical to Yi by the natural 
homeomorphism (2/2, yi) ^ yi \ similarly, there is a natural one-to-one map between 
Vu^i^-K) and 

{vi G V{Yi) : -Kvi ^ U2) (denoted by ^..^(Yi)), 
which extends the one-to-one map between V^^i^ir^ G) and P^2(Yi,G). In fact, 
given a sequence {j^" : n G N} C Viy^iE-w) and i^i G Vu^iEn), if Mi^'^ ^ N, /ii is the 
natural correspondence of 1^1 ,n G N, vi in 7^^2(^1)1 respectively, then it is not hard 
to check that the following statements are equivalent: 

(1) the sequence {i^" : n G N} converges to i^i; 

(2) the sequence {/y ^y fdi^i : n G N} converges to Jy xy ■f'^^^ fo'^ ^'^y / ^ 
G(y2 X Fi); ' ' 

(3) the sequence {J^ /di^" : 71 G N} converges to fdvi for any / G G(£t); 

(4) the sequence {/i" : n G N} converges to /^i in the sense of well-known weak 
star topology over V{Yi), i.e. the sequence {/y^ .fdy.^ : n G N} converges 
to /y^ /d^i for any / G G{Yi). 

In fact, the equivalence of H]) and ^ follow from the ideas of |44j Lemma 2.1], the 
equivalence of ^ and ^ is obvious (just note that is a non-empty compact 
subset of the compact metric space 1^2 x Yi ) , the equivalence of ([3]) and ^ is natural 
(just note that 5^ is identical to Yi by the natural homeomorphism (2/2,2/1) ^ yi)- 
From the above arguments, as topological spaces, Vu2{E-^) is identical to Viy^O^i) 
by the natural homeomorphism which is also a homeomorphism from 'Pv2 {E-n , G) 
onto Pi^2(Yi, G). Moreover, it is not hard to check the following observations (note 
that each vi G 7'(Yi, G) may be viewed as an element from Vt^vi {Ett, G)): 

(1) If V G C^^ then by Theorem ES we see that V G is factor excellent 
(by the construction of i.e. and pX^ ). 
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(2) For each ui e V{Yi,G), vii'D'') = zyi(D) (z^i(D) is defined similarly) and 

hence, by Theorem IUTT] one has /i£^(F'') = K^{G,Yi\it). 

(3) For each V2 eV{Y2,G), 

,,/l^(F^V^)= lim f \0gN{VF^,i:-\y2))dv2{y2). 

,,P£,(D^V^F^)= hm f logP,(y2,D,F„,V)di.2(y2). 

Thus, in the above notations from the definitions one sees directly that E^^ (Yi, G\tt) 
= Ei%{£^, G) for each vi eV{Yi,G). 

In particular, we have another version of Theorem 17.11 in the setting of given a 
factor map between TDSs which is stated as follows. 

Theorem 13.1. Let n : {Yi,G) — > {Y2,G) be a factor map between TDSs and 
V G C?,^,i^2 e V{Y2,G). Then 

\im I \ogN{VF„,n~\y2))di^2{y2)^ max V(G,V|7r). 

n-».oo \Fn\ Jy^ yi£V^,^(Yi,G) 

Remark 13.2. This result may be viewed as a local version of the Inner Variational 
Principle |231 Theorem 4] (see also j481 Theorem 2.1]j in the general case of our 
setting. For the case of Ij- actions see for example |731 Theorem 4.2.15]. 

Let Xi,X2 be topological spaces. Recall that the map tt : Xi ^ X2 is open if 
tt{U) is an open subset of X2 whenever U is an open subset of Xi. 
From the definitions, it is not hard to obtain: 

Proposition 13.3. Let tt : (Yi,G) — !> {Y2,G) be a factor map between TDSs, 

V2 e 'P{Y2,G) andneN\ {1}. Then 

(13.3) 

u,E^n\^^) ^ {{xir ■ ■ , Xn) e Yi" \ A„{Yi) : 7r(xi) = • ■ • = 7r(x„) G supp{,^2)}- 
If additionally, tt is open, then the identity holds. 

Proof. We first establish (|13.3p . Let (xi, • • ■ ,x„) En\£T^). By the definition, 
for each m G N there exist y^' G I2 and (x^", • • • , a;™) G Y^ such that (y^, x"^) € £^ 
and the distance between and Xi is at most — for each i = 1, - ■ ■ ,n. Without 
loss of generality (by selecting a sub-sequence if necessary) we may assume that 
the sequence {y™ : to G N} converges to 2/2 G Y , and so it is easy to check 
7r(xi) = • . ■ = 7r(x„) = 2/2. Now we aim to prove (|13.3p by proving y2 G supp(i^2). 
Assume the contrary that j/2 ^ supp(i^2). Obviously, once m G N is large enough, 
if Vi is a closed neighborhood of Xi with diameter at most ^ for each i = 1, • • • , n 

n 

such that V = {V{:, • • • , G C^^ , then [j Vi Q ti-^{Y2 \ supp(i^2)) and so 

i=l 

n n 

{y e ^2 : Yliy} X n ^ 0} C fl niV) C Y2 \ supp(i.2), 

i=l i=l 

a contradiction to (xi, • • • , a;„) En\£T^), as 1^2(^2 \ supp(i^2)) = 0. 

Now we assume that tt is open. Let (xi, • • • , Xn) G \ A„(li) with ^{xi) = 
•■• = 7r(a;„) G supp(i^2)- Observe that once is a closed neighborhood of Xi 
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n 

for each i = 1, • • • ,n then p| TT{Vi) is a closed neighborhood of Tr{xi) (using the 

1=1 

n 

openness of tt). which imphes 1^2(0 '^(Vi)) > (as 7r(a:;i) e supp(t/2)) and hence 

1=1 

(xi, • • • ,x„) En \£-^). This finishes the proof. □ 
Before proceeding, we need the following result. 

Theorem 13.4. Let tt : (Yi,G) ^ (^2, G) be a factor map between TDSs, V G C^^ 
and D = {dp : F G J^?} monotone sub-additive G-invariant family in C(Yi). 
Assume that D satisfies: 

for any given sequence {I'n : G N} C 'P(Yi), set fin ~ J2 9^n for 

each n G N, then there always exists some sub-sequence {uj : j G N} C N 
such that the sequence {^„^ : j G N} converges to some /z G ViYi) (and 
so fxe riYi,G)) and 



limsup jTT-T / c?F„^ [yi)dvn^ (yi) < m(D). 



Then 



P.(D, V) - max ..P^, (D^ V^ F^) = max [^(G, V|7r) + 
In particular, 

htopiG, V\Tr) = max ,,/i|;;Vf", V") = max V(G,Vk). 
Moreover, one has 

P,(D)= sup [/v(G,rik) + i^i(D)] 
i/ie-p(yi,G) 

and so 

/itop(G, YiItt) = sup h^^{G,Yi\Tr). 

i^ieViYi,G) 

Proof. The proof follows the ideas from [J8] (see also for example [35l |37l [55l [73l [74] 
and the references in them). As the process is similar, we shall present the outline 
of the proof and skip some details (we should note that many results in Sj7] can be 
obtained in the setting of this section with a slight modification in the proves of 
them) . 

Observe that G is factor excellent, and it is not hard to check that 

D'^ satisfies the assumption of (<|k) and (1^2, ^By^, 1^2) is a Lebesgue space for each 
1^2 G P(y2,G) (as D satisfies the assumption of (^)). In particular. Theorem 17.11 
holds for F'^, ^^,0^^ and {¥2,6^2,^2) for each V2 G 7'(r2,G). 

Thus, to complete our proof, we only need to find i^i G ViYi, G) with 

(13.4) V(G,Vk) + i^i(D) >F,(D,V). 

First, we assume that the space Yi is zero-dimensional. By Lemma [6. li the family 
Pc(V) is countable and we let {a; : / G N} denote an enumeration of this family. 
Then each a;, / G N is finer than V and, for each vi G V{Yi, G), 

(13.5) /v(G, V|7r) = inf /v(G,a,|^). 
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Observe that by our assumptions |F„| > n for each n G N and let ?i G N be fixed. 
By similar reasoning to Lemma 18.31 (in fact, the reasoning of this case is much 
simpler than it in Lemma l8.3p one sees that there exist Xn G Y2 and a non-empty 
finite subset _B„ C 7r~^(a;„) such that 



(13.6) 
with 



^-^ — „ 



sup P.(y2,D,K,V) - A/ 
1/2 ei2 



1 - max 

M = -e "i^^i 
2 



and each atom of (q;;)f„ contains at most one point of Bn for each I = 1, ■ • ■ ,n. 
Now let 

(13.7) ^ ^(^1) ^« = ^ E 5^^" ^ ^(^i)- 



E 

xeB„ 



By ('v'), we can choose a sub-sequence {rij : j e N} C N such that the sequence 
{/i„. : J G N} converges to fi G V{Yi, G) and 



(13.8) 



lim sup ■ 



1 



Now fix any / G N and let n> I. By the construction of i3„, t'n one has 



(13.9) i/,„((aOF„k) = H,^iiai)Fj = - J2 



and so 



yes,. 



log sup P^(?;2,D,F„,V) -log(2n) 
V2&Y2 



gd.Fr, iv) gdp^ (y) 

J2 edi'^i'^) edpr.i'^)' 



xeB„ 



xeB„ 



< loe 



sup P,(y2,D,F„,V)-M 

y2£Y2 



logn 



< log E e'"'"^^-' 

(using ()13.6p ) 

yeB„ 

ed''^(y)dFjy) 



(using (USUI) 



(13.10) = H,^iiai)Fjn)+ [ dj.,. (2/1 )di^„ (2/1) (using (HHl)). 

Observe that using Lemma and Lemma [5751 one has 

H.Aiai)Fj7r) < E ^^--.(("OsglT^) + l^n \ {ff e G : B'^g C F4| - log 



E r§T^S'^"(("')^l'') + |F„ \ {g G G : B-ig C F„}| • log 



ai\ 



(13.11) 



< l^n|r^i?MJ(«Osk) + \Fn \ {.9 G G : S'lg C F„}| • log \ai\ 
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for each B £ Tg- Combining (|13.11|) with ()13.8p and (|13.10p we obtain (observe 
that the partition ai is clopen) 

(13.12) P.(D,V) < ^^H^{{al)BU) + ^i{Ti). 

Now taking the infimum over B G J^J wc get (using (|3.3p ) 

P,(D,V) < /i^(G,a,|7r)+/i(D). 

FinaUy, letting / range over N one has P-r.i'D, V) < /i^(G, V\tt) + ^i{T)) (using (fTX5)l ). 

Now we consider the general case. Note that there always exists a factor map 
(f) : {X, G) (Yi, G) between TDSs, where X is a zero-dimensional space (see for 
example the proof of Proposition 16.71 or [571 Theorem 5.1]). Then by the above 
discussions there exists v G V{X, G) such that 

K[G, 0-iV|7r o 0) + v[T> o 0) > P^o0(D o 0, ,/,-iV), 

where the family D o is defined naturally. Set rj ~ (pv. It is not hard to check 
that e P(yi,G) and ^(G, V|7r) + r;(D) > P^(D, V). This claims (flAil) in the 
general case, which ends our proof. □ 

We should remark that: 

(1) Similar to Remark 17.31 (see also Remark l7.6p . we can apply this discussion 
to each / e C[Yi). 

(2) Discussion and conclusions similar to that in ^JHl hold for the assumption 
(9). 

(3) As in our discussions in ijlOi if G admits a tiling F0lner sequence, then 
we can discuss Theorem 113.11 and Theorem 113.41 for any sub-additive G- 
invariant family D C G{Yi). In particular, [TU Theorem 4.5] may be 
viewed as a special case of our result. In fact, variations of Theorem 113.11 
and Theorem [1331 are stronger than results obtained in [35l |37l [73l [74] (i.e. 
local variational principles for entropy) even in the special case of Z-actions 
or topological dynamical G-systems. 

With the help of Theorem [T231 Theorem WIM Lemma 112.131 Theorem THE 
and Proposition 113. 3[ as an application of Theorem 113.41 we can prove (the proof 
follows ideas from [551 1311 [Ml [SSI [SZ] and is quite standard, and so we shall omit 
it, for details see [Ml [32 [Ml [Ml [37] or iH of the paper): 

Theorem 13.5. Let tt : (Yi,G) — )• (12, G) he a factor map between TDSs and 
V e V{Yx,G),V2 e r{Y2,G),n G N\{1}. Then 

i?M(f.,G) = £;^(yi,G|7r) 

C {(xi, • • • ,a;„) e supp[vY \ A„(yi) : 7r(a;i) = . ■ . = 7r(a;„)}, 

,,El:\8.,G)= U E^^-{Y,,G\^) 

( Y 

C {(xi, • • • ,a;„) G IJ supp{i^i)\ \ A„(Yi) : 7r(xi) = • • • = 7r(.T„)}, 

i?„(yi,G|7r) = y ,i?W(f,,G)= y £;^(ri,Gk). 

rieV{Y2,G) ii.eV{Yi,G) 
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In particular, there exists /i G V{Yi,G) such that 

E^{Y,,G\tt) E^:\£^,G) = £;^(yi,Gk). 

Let (r,G) be a TDS. Denote by supp(y,G), the support of {Y,G), the set of 
y supp(/^). Observe that supp(F, G) ~ supp(i^) for some v G P{Y,G). 

lieV{Y,G) 

Combining with Proposition 112.61 Proposition 112.71 and Theorem 112.151 by the 
natural correspondence introduced in the beginning of this section we obtain: 

Proposition 13.6. Let tt : (Yi,G) {Y2,G) be a factor map between TDSs 
and fi G V{Yi,G),n G N \ {1}. Then both Ej{Yi,G\Tr) and Eii{Yi,G\Tr) are G- 
invariant subsets of Y^ , in fact, i?„(Yi,G|7r) ^ 9 if and only if htop{G,Yi\7r) > 
and E^{Yi,G\t:) ^ 9 if and only i/ /ip(G, Yi |7r) > 0, moreover, 

EniYi,G\7T) C {(.Ti, ■■■ ,xn)e supp{Yx,GY : n{xi) = ■■■ = n{Xn)}, 

Eii{Y,,G\n) = suppiX:"''''^fi))\A,,{Y,). 

Moreover, using Proposition 112. 51 one has: 

Proposition 13.7. Let tti : (Yi,G) (l2,G) and 112 : (>2,G) {Y3,G) be factor 
maps between TDSs and vi G ViYi, G),V2 = T^iJ^i G V{Y2, G),n gN\{1}. Then 

(1) E';^Hy2,G\TT2) C (7riX..-X7ri)i;;;i(ri,G|7r20^i) ^-B;;^(>^2,G|7r2)UA„(r2). 

(2) Er,{Y2,G\ii2) C (tti X ••• X ^i)£;„(ri,Gk2 7ri) C £;„(r2, Gk2) u A„(y2). 

(3) i;;;i(yi,G|7r2 0^i) ^-B,?(Fi,Gki) andE„{Yi,G\Ti2oni)QE^{Yi,G\Tii). 

As the notions of entropy tuples in both settings cover the standard definitions 
for Z-actions and more generally for an infinite countable discrete amenable group 
action. Thus, our Theorem 113.51 Proposition 113.61 and Proposition 113.71 include 
many recent results in local entropy theory (see [U [BJ [28l ESI [SH |36l |37] and the 
references in them for the details of those results). 
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